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ABSTRACT 


•H 


This  report  presehts  a  physicai  and  mathematiGal  theory  of  radiation  directivity 
which  permits  the  s^diesis  of  ahtenna  arrays  to  produce  radiation  patterns 
which  may  have  arbitrarily  selected  mtensities  for  all  lections  of  radiation^ 


The  method  is  equally  powerful  as  an  analysis  tool. 


Part  I  presents  a  physical  e3q)lanation  of  the  theory « 

Part  n  summarizes  the  formulas  which  are  used  (the  derivations  of  the  formulas 
are  presented  in  Appendices  A  and  B). 

Part  IP  discusses  the  synthesis  problem  in  detail. 

Pitft  IV  summarizes  the  material  presented  in  this  report. 


MRT  I.  TBE  GENERALIZED  SPECTRUM  THEORY 


INTRODUCTION 

This  report  describes  and  e^latns  the  application  of  a  theoretical  approach 
wMch  relates  the  radiadion^^directivity  pattern  of  an  array  of  identical  parallel 
antennas  to  the  relative  anaplitudes  and  phases  of  the  radio  >^frequency  voltages 
or  Currents  fed  to  the  coinponent  antennas  of  the  array  ^  This  ^eory  is  also  ap^^ 
pLicable  to  sources  of  radihttion  wherein  &e  energy  is  continuously  distributed 
over  the  radiating  aperbire^  rather  than  being  concentrated  at  discrete  points  ^ 

The  theory  is  applicable  to  probienas  of  analysis  and  to  problenas  of  synthesis^ 
and  pernaits  a  classification  of  arrays  in  ternas  of  those  characteristics  which 
are  the  fundamental  limitations  of  each  class  of  arrays  >  When  only  a  finite 
number  of  discrete  radiators  or  collectors  are  available  the  optimum  design  is 
clearly  defined  subject  to  any  set  of  specified  conditions. 

The  theory  shows  the  relations  between  the  illumination  of  the  aperture  and  the 
distribution  of  radiation  through  an  infinite  sphere  concentric  with  the  radiating 
aperture  in  free  space.  The  aperture  is  the  region  in  space  occupied  by  the 
radiating  elements.  M  tids  report  the  results  are  presented  in  terms  of  field 
strength.  Power  may  be  calculated  by  the  usual  methods  if  desired.  The  illu^ 
mination  is  the  distribution  of  the  amplitudes  and  phases  of  the  currents  or 
voltages  over  the  aperture,  relative  to  a  common  source  in  transmitting  arrays, 
and  relative  to  the  receiver  input  terminals  in  receivbig  arrays. 

The  directivity  pattern  of  a  receiving  array  gives  the  relationship  between  the 
output  voltage  of  the  array  and  die  direction  of  arrival  of  a  plane  wave  having 
a  specified  field  strength  and  polarization. 


The  theof  etiGal  patterns  are  the  saine  for  reGeiving  and  transmitting  arrays^ 

The  types  of  patterns  whiGh  can  be  obtained  wi^  an  array  are  determined  by 
the  shape  of  the  aperture^  the  number  of  radiating  elements  (or  the  allowable 
Gompiemty  of  the  illumination)  aM  the  spaoing  between  elements.  The  par^^ 
ticuiar  pattern  for  a  given  aperture  is  determined  by  the  illumination. 

Apertures  may  be  divided  into  three  broad  groups. 

(1)  Line  Sources.  These  include  straight  line  or  linear  arrays,  circular 
line  arrays  and  other  shaped  perimeter  arrays.  In  the  theoretical  limit  a  line 
source  can  be  synthesized  to  approximate>  larbitrarily  closely^  a  radiation  pat^^ 
tern  defined  for  all  azimuths  at  constant  elevation;  all  elevations  at  Gonstant 
azimuth,  or,  in  general  along  such  directions  as  can  be  defined  by  a  curve 
drawn  on  a  sphere  which  is  calibrated  in  azimuth  and  elevaiion, 

(2)  Surface  sources.  These  include  planar  and  non  ..planar  area  arrays; 
planar  arrays  include  circular  area  arrays  and  rectangular  (asparagus  patch) 
arrays.  In  the  meoretical  limit  a  surface  source  can  be  synthesized  to.approx'^ 
imate,  arbitrarily  closely,  any  pattern  (subject  to  certain  symmetry  restrict 
tions)  as  a  function  of  azimum  and  elevation. 

(3)  Volume  Sources,  Arrays  enclosed  within  a  volume  may  be  used  to  ob'^ 
tain  arbitrary  pattern  over  the  radiation  sphere;  this  may  often  be  aceom* 
pUshed  with  a  smaller  maximum  aperture  dimension  than  is  reqmred  for  sur^ 
face  arrays;  in  the  case  of  discrete  arrays  it  permits  a  large  number  of  an.- 
teimas  to  occupy  a  comparatively  small  region  and  yet  be  spaced  far  enough 
apart  from  each  other  so  mat  mutual  reactions  are  small. 

THE  PHYSICAL  BASIS  FOR  PHIECTIVITY 

The  directivity  of  an  array,  Uhe  the  selectivity  of  a  resonant  circuit,  is  a 
phase  shut  phenomenon.  Consider  two  antennas  such  as  are  shown  in  Figure 
la.  A  plane  wave  coming  from  a  direction  defined  by  an  azimuth  angle  a  , 
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Md  an  elevation  angle  h,  as  shown,  will  induce  a  voltage  in  antenna  #1  at  a 
later  time  than  it  will  induce  ^e  same  voltage  in  antenna  #2.  The  ra^o  fre¬ 
quency  voltages  induced  may  have  their  lime  -varying  phases  represented  in 
the  usual  manner  in  the  exponent  of  ,  The  space  phase  shift  is  propor¬ 

tional  to  the  separation,  x,  between  the  ^tennas,  and  when  the  separation  is 
measured  in  electrical  ra^ans  the  phase  shift  is  equal  to  the  projection  of  the 
spachig  distance  in  the  direction  of  the  wave  path,  Thus,  if  the  voltage  induced 
in  antmma  1  is  « ^  the  voltage  induced  in  antenna  2  is 

^  ^  C  ♦i«)  *  Ki  cos  h  cos  d  3  (1) 

The  time  -variable  term  is  common  to  all  the  collectors  of  an  array  and  will  be 
omitted  hereafter. 

when  there  are  a  number  of  antemaas  spaced  within  a  region  the  voltages  induced 
in  the  antennas  may  be  broui^t  to  some  common  point  through  transmission  paths 
of  known  relative  delay  and  attenuation  and  then  added.  The  resultant  voltage  is 
found  from  the  sum  of  these  vectors.  The  directive  pattern,  or  the  amplitude  and 
phase  of  the  resultant  voltage  as  a  function  of  a  and  h,  depends  on  how  the  rel¬ 
ative  phases  of  the  several  induced  voltages  vary  with  a  and  h;  this  is  much  like 
the  selectivity  of  a  tuned  circuit  in  which  the  gain  characteristic  is  determined 
by  the  phase  angle  between  energy  stored  at  the  resonmit  frequency  and  the  en¬ 
ergy  Supplied  at  tiie  input  frequency,  Because  of  this  similarity  it  is  reasom^ble 
tivat  spectrum  or  Fourier  transform  mialysis,  which  has  proved  such  a  powerful 
tool  in-circuit  theory,  should  find  its  application  and  extension  in  radiation  theory. 

However,  before  exploring  the  memiing,  interpretation  and  use  of  the  spectra 
related  to  antenna  arrays  it  is  useful  to  introduce  several  useful  concepts  such 
as  the  geometrical  space  factor  and  to  consider  also  how  radiation  patterns  may 
be  represented  or  thought  of,  and  to  interpret  the  physical  reasons  for  the  limi¬ 
tations  of  the  three  classes  of  arrays  described  earlier.  The  concepts  developed 
here  will  help  lay  the  groundwork  for  later  considerations. 


THE  ©EOMETRieAL  SPACE  FAGfOR 


It  has  ibeeh  customary  for  some  time^  when  describing  an  array  of  identicali,  par* 
allel  antennas,  each  having  a  directive  pattern  (  d  ^  h),  to  write  the  induced 
voltage  of  the  Kth  antenna  as  F  ( ,  h 
space  phase  sMfti  The  factor  F^  ( cf ,  h)  is  common  to  all  the  eiements  of  the 
array  and  may  be  factored  out  when  the  contribution  of  all  the  antennas  of  the  ar* 
ray  are  summed.  The  ra^ation*(Hrectivity  pattern  of  the  array  is  then 


,  where  0^^  represents  me 


f  (  Qj  h  )  ■  (  a  ,  Ij  )  ‘  S  (  a  ,  I)  )  (2) 

The  S  function  is  calle#  the  geometrical  space  factor  and  it  is  this  space  factor 
which  will  be  dealt  with  hereafter.  The  space  factor  is  the  radiation ^dfrectivity 
pattern  of  an  array  of  hypothetical  isotropic  radiators* 

THE  representation  OF  RSECTIVE  PATTERNS 

It  is  convenient  to  represent  the  directive  patterns  of  antenna  arrays  by  their 
space  factors  relative  to  a  sphere  such  as  is  shown  in  Figure  2a.  Each  point 
on  the  surface  of  the  sphere,  which  is  called  the  radiation  sphere,  has  a  dlrec* 
tion  from  the  center  specified  by  the  coordinates  of  azimuth  and  elevation;  it 
is  convenient  therefore  to  use  the  symbols  d  and  h.  This  has  a  useful  phys^ 
ical  basis  not  only  for  receiving  arrays  such  as  were  described  above  but  also 
for  transmitting  arrays  for  which  the  directive  patterns  are  described  in  terms 
of  the  radiation  through  a  sphere  very  large  with  respect  to,  and  concentric  with, 
the  afray.  The  patterns  obtainable  for  receiving  and  transmitting  antennas  have 
the  same  basic  physical  Umitatiions. 
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The  sphere  shown  in  Figure  2s  May  have  any  convenient  radius.  It  is  possible 
to  represent  the  space  factor  corresponding  to  any  direction  (  a  >  h)  by  erects* 
ing  an  ordinate  perpendicular  to  the  surface  of  the  sphere  at  each  pointy  the 
ordinate  being  proportional  to  the  space  factor  in  the  direction  defined  by  that 
point,  (While  relative  time  delay  in  various  directions^  which  is  represented 
by  the  phase  of  the  radiation  in  these  directions>  is  not  usually  of  interest, 
phases  may  be  represented  by  a  second  set  of  orchnates  on  the  sphere  or  by 
other  means, )  Alternatively,  contours  for  equal  space  factor  may  be  drawn  on 
the  surface  of  the  sphere,  in  some  cases,  and  particularly  with  plane  arrays, 
it  is  convenient  to  divide  the  sphere  into  two  hemispheres  and  to  project  the 
coordinates  of  each  hemisphere  on  one  or  more  of  the  planes  shown  in  Figure 
2a. 

A  projection  on  the  horizontal  plane  which  is  particularly  useful  for  arrays  of 
antennas  whose  centers  lie  in  a  horizontal  plane  is  shown  in  Figure  2b,  Fipre 
2b  shows  a  pattern  of  the  type  having  a  single  large  pencil  lobe  and  virtually  no 
side  lobes.  The  amplitude  under  the  sudace  represents  field  strength  in  the 
corresponding  direction.  It  will  be  shown  later  how  arrays  may  be  designed 
to  produce  lobes  of  this  type. 

The  patterns  of  space  factor  for  an  array  of  antennas  Whose  centers  are  in  a 
vertical  plane  are  conveniently  represented  in  terms  of  die  projection  ol  the 
coordinates  of  the  radiation  sphere  on  a  vertical  plane, 

m  general,  tine  space  factor  for  any  array  may  be  represented  in  terms  of  the 
projections,  on  two  planes,  of  the  coordinates  Of  the  radiation  sphere. 


THE  LIMITATIONS  OF  THE  THREE  CLASSES  OF  ARRAYS 

A  line  whieh  fepfeselitS  the  loous  of  centers  of  an  array  of  isotropic  anteMas 
is  shown  in  Fifure  3a;  and  Figure  3b  shows  a  curved  line  on  the  radiation  sphere 
along  wMch  a  particular  desired  pattern  may  be  obtained  with  this  class  of  ar- 
ray*  U  the  curve  of  Figure  3a  is  divided  into  N  separate  segments  represent*^ 
ing  N  antennas  then  the  curve  of  Figure  3b  can  have  independently  chosen  space 
factors  at  N  points*  In  the  limit  thereforej,  an  array  along  a  line  curve  can  be 
used  to  determine  any  arbitrary  pattern  along  a  contour  defined  by  a  line  curve 
in  the  radiation  sphere* 

A  surface  which  represents  the  locus  of  centers  of  an  array  of  isotropic  anten* 

nas  is  shown  in  Figure  30*  This  surface  is  divided  into  sections*  Figure 

3d  shows  how  the  surface  of  the  entire  radiation  sphere  may  be  divided  into 
2 

N  sections,  the  space  factor  for  each  section  being  independent  of  that  in  the 
other  sections.  In  the  Umit  therefore^a  surface  array  can  produce  any  desired 
pattern  in  all  directions  (subject  to  symmetry  restrictions). 

Figure  3e  shows  a  volume  filled  with  rachators.  The  volume  may  be  divided 
3 

into  N  increments.  Figure  3f  shows  the  surface  of  the  radiation  sphere  now 

2  2  3 

divided  into  a  number  M~  of  independent  increments,  where  M*  *  N  .  A  vol* 

ume  array  can  produce  any  desired  pattern,  and  sometimes  a  volume  array 
permits  a  saving  in  array  space,  or  in  the  required  numbm'  erf  antennas.  An 
obvious  question  at  this  point  is  why  the  volume  array  is  not  related  to  a  vol¬ 
ume  rather  than  a  surface;  this  will  be  answered  by  the  arterial  presented 
herein. 


FOURIER  ANALYSIS  OF  APERTURE  ILLUMINATIONS 

Some  of  the  physical  principles  involved  in  the  application  of  Fourier  anaiysis 
and  transform  theory  to  antenna  arrays  can  be  most  easily  shown  by  first  con« 
sidering  arrays  of  antennas  along  a  straight  line;  such  an  array  is  shown  in 
Figure  4a  ^  The  antennas  in  Figure  4a  are  placed  along  the  x  mcis  within  the 
region  While  the  grouping  of  antennas  is  arbitrary  these  arrays  may 

often  consist  of  regularly  spaced  antennas.  The  region^  of  length  which 
is  called  the  aperture^  is  slightly  larger  than  the  distance  between  the  outer 
most  antennas.  This  allows  an  equal  space  for  each  antenna  and  simplifies  the 
mathematical  results. 

For  theoretical  purposes  it  is  extremely  useful  to  consider  the  antennas  as  con^ 
tinuously  filling  up  the  available  region  as  shown  in  Figure  4b«  This  does  not 
place  any  limitations  upon  the  theory  as  it  will  be  shown  later  how  the  effects 
of  discreteness  of  the  antennas  may  be  considered.  However,  it  does  produce 
a  substantial  simplification  of  the  theory  since  the  space  factor,  which  consists 
of  the  sum  Of  a  number  of  vectors,  can  be  replaced  by  an  integral  in  the  case  of 
conUnuous  aperture  illumination.  This  procedure  yields  solutions  in  compact, 
closed  forms  and  is  used  for  all  the  other  types  Of  arrays  considered  here  as 
well. 

The  aperture  illumination  is  represented  by  the  fimction 


(3) 
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In  the  case  of  continuous  illumination  the  space  factor  is  determined  by  integrate 
ing,  rather  thM  adding,  die  effects  of  all  the  currents  along  the  line  of  the  arrays 
as  is  shown  in  e#iation  4, 


in  cesa>cofK  , 
d  X 


(4)  , 


The  t^s  of  radiation  patterns  which  are  most  generally  of  interest  are  those 
haidng  a  pronounced  major  lobe,  it  is  then  convenient  to  introduce  an  initial 
phase  adjustment  such  that  for  one  direction  ( a  h^)  all  of  the  vectors  add  in 
phase  for  real  and  positive  values  of  I(x).  A  phase  angle  of  zero  in  the  selected 
direction  is  most  convenient  and  therefore  equation  4  can  be  rewritten  as  shown 
in  equation  5. 
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The  form  of  equation  5  may  be  simplified  by  defining  a  parameter  u  such  that 


tL  *  cos  a  cos  H  ^  cos  q«  co§ 
The  radiation  pattern  is  dies  found  from 


(6) 


% 


S  (m)  « 


I  (X) 


(7) 


I«12  j 

1 

4 


E<patidn  7  has  the  same  form  as  the  Fotirier  transforms  ased  in  ordinary  spec- 
trum  analysis^  I(x)  is  similar  to  the  time  function  defining  a  pulse  which  ex¬ 
ists  entirely  udtMn  specified  limits  of  time  and  the  parameter  u  which  was  in¬ 
troduced  above  takes  the  place  of  (-  » Equation  7  is  the  analysis  equation; 
it  obtains  the  space  factor  from  the  aperture  illumination,  ly  the  reciprocal 
properties  of  Fourier  transforms  it  is  immecUately  possible  to  write  the  syn¬ 
thesis  equatton 


X  r"  <»> 

Thus  it  can  be  seen  that  the  Umitattons  upon  the  space  factor  of  an  arrav-Con- 
tained  wholly  within  a  fixed  snace  interval  are  sinailar  to  the  Umitations  upon 
the  freoruencv  gpcctriim  nf  a  aignal  wMcfa  is  whollv  contained  Within  a  speci¬ 
fied  time  Interval. 


Before  extending  the  analysis  it  is  Well  to  review  how  the  above  results  were 
obtained: 

(1)  Arrays  of  identical  parallel  antennas  may  be  considered  as  being  made 
up  of  a  continuous  distribution  qS.  identical  sources. 

(2)  The  radiation-directivity  pattern  of  an  array  is  the  product  of  the  di¬ 
rectivity  pattern  of  the  inmvidual  antennas  and  the  geometrical  space  factor. 
The  aperture  illumination  is  defined  by  a  function  which  defines  the  relaUve 
amplitudes  and  phases  of  the  cmrrents  or  voltages  fed  to  the  aperture,  The 
sum  or  resultant  of  the  contributions  of  all  parts  of  the  array  are  combined 
m  the  space  factor  which  takes  die  form  gf  a  Fourier  integral. 


*  hi  this  report  "spectrum!'  describes  the  amplitude  and  phase  of  the 
Fourier  Transform,  radier  than  ampUtude  squared. 
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i  (3)  The  directiviiy  pattern  of  an  array  la  a  phase  shift  phendinenon,  inuch 

I  H  like  the  selectivity  of  a  resonant  circnlt.  it  is  usefui  at  this  point  to  recall 

I  some  of  me  properties  of  Fourier  transforms  and  the  relations  between  time 

I  I'  pulses  and  frequency  spectra,  but  to  utilize,  instead  of  frequency  and  time, 

I  the  u  end  x  coordbiates  wMch  we  use  here^  f  or  example.  Figure  5a  shows 

I  J  one  f^zq  Which  an  aperture  illumination  rnigmt  take  and  Figure  5b  shows  its 

I  spectrum  relative  to  the  new  coordinate,  u.  Both  the  illumination  and  the 

I  I  spectrum  can  have  real  and  imaginary  components i  However,  it  may  be  rec^ 

i  Ognized  that  only  certain  values  of  u  correspond  to  real  values  of  azimutii  and 

I  I  elevauon. 


This  will  be  discussed  in  greater  detail  later  when  a  broader  basis  for  discus¬ 
sion  has  been  developed. 

It  was  stated  earlier  that  a  linear  array  caimot  produce  any  arbitrary  pattern 
over  the  entire  surface  of  the  radiation  sphere.  Therefore,  in  order  to  show 
clearly  tq®  physical  significance  of  the  spectrum  of  the  aperture  illumination 
it  will  be  necesssdry  to  consider  the  simplest  type  of  array  which  has  sufficient 
generality  such  that  it  can  theoretically  produce  smy  pattern;  this  is  the  plane 
area  array. 

THE  TRANSFORM  PLANE 

A  plmie  array  of  anteimas  is  an  array  in  which  all  the  antennas  are  identical 
and  parallel  mid  me  centers  all  Ue  in  a  plane,  for  example  me  horizontal 
plane.  The  space  factor  is  obtsmied  by  assuming  me  antennas  isotropic.  An 
array  of  this  type  is  shown  in  Figure  lb  and  if  rectangular  coordinates  are 
used  to  represent  distance  in  the  plane  men  it  is  conveident  to  consider  me 
array  as  wholly  contained  wimm  some  rectangle,  such  as  me  one  which  is 
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shown.  M  this  cass  phase  shtfts  are  also  introduced  by  the  y  coordinates  of  the 
positions  of  particular  antennas  as  compared  with  an  antenna  at  the  origin.  For 
emmaple  the  space  phase  shift  between  an  antenna  at  position  3  and  an  antenna 
at  position  1  is  expressed  by 

COS  h  sm^  Cosh 

The  phase  of  me  voltage  vector  may  be  made  to  be  zero  for  a  wave  coming  from 
the  direction  ( Of  h^).  A  new  parameter  v  is  defined  as  shown  below: 


XTi  Sihof  cosh  Sin  Cosho 


(10) 


The  aperture  illumination  must  now  be  represented  as  a  function  of  both  x  and 
y;  hence  when  the  sum  of  the  contributions  of  all  the  currents  in  all  the  parts  of 
the  array  is  found  by  integration  the  spectrum  appears  in  the  following  form: 

■  \ 
\ 

Equation  11  Is  known  as  a  double  Fourier  integral.  As  an  example  of  a  double 
Fourier  integral,  a  two-dimensional  pulse,  l(x,  y)  which  is  transformed  into  a 
two^mmenslonal  spectrum,  S(u,  v),  is  shown  in  Figure  6.  This  shows  the  case 
imere  both  pulse  and  spectrum  are  real  functions.  The  spectrum  of  the  aperture 
Illumination  is  a  function  of  the  two  variables  u  and  v  and  is  represented  in  mag¬ 
nitude  by  a  suilace  over  die  (u,  v)  plane,  (Another  surface  over  the  (u,  v)  plane 
could  be  used  to  represent  phase, )  The  (u,  v)  plane  is  called  the  transform 
plane  and  has  considerable  physical  significance,  Any  type  of  aperture  illumd- 
natton  results  In  a  partlculaF  type  of  pattern  in  the  transform  plane. 
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the  space  factor  at  any  point  on  the  surface  of  the  radiation  sphere  c^  be  eval^ 
uated  if  we  now  find  the  relation  between  points  in  the  transform  plane  and  the 
correspon^ng  points  on  the  radiation  spherei  this  relation  will,  of  course« 
depend  on  whether  the  plane  of  the  array  is  horizontal^  vertical  or  oblique. 

For  a  horizontal  plane  turray  the  equations  of  the  parameters  u  and  v  show  that 
radiation  space ^  as  defined  by  the  points  on  a  henuspherej  maps  into  a  circle 
in  tiie  transform  plane  su^  as  is  shown  in  Figure  TSi  This  circle  will  be  seen 
to  be  identical  wiih  that  previously  shown  in  Figure  2£U  Because  the  chrection 
of  zero  azimuth  was  taken  as  parallel  to  the  x  axis  in  the  plane  of  the  array  it 
appears  in  the  transform  plane  parallel  to  the  u  axis.  The  circle  has  a  unit 
radius.  The  distance  from  the  center  of  the  circle  to  the  origin  is  cos  h^^ 

The  origin  corresponds  to  the  direction  (  h^).  TMs  leads  to  a  signifi^ 

cant  physical  conclusion*  The  pattern  in  the  transform  plane  is  completely  de^^^ 
ter  mined  by  the  aperture  illumination  Kx*  y)*  The  location  of  the  points  ■lathe, 
transform  plrnie  which  correspond  to  renl  values  of  azimuth  and  elevation  are 
completely  and  independently  determined  bv  the  initial  phase  adjustment.  The 
Value  of  the  spectrum  at  any  point  in  the  transform  plane  which  corresponds  to 
a  real  Erection  in  radiation  space  is  the  space  factor  for  that  direction  and  has 
the  proper  phase  anele^ 

With  the  defiidtions  of  the  parameters  given  earlier  in  equations  6  and  9  the 
circle  corresponcUing  to  radiation  space  (or  the  radiation  circle)  can  occupy 
any  position  in  the  tran^orm  plane  such  as  to  include  the  origin  witldn  or  on 
its  circumference.  In  a  more  general  case  the  radiation  circle  can  appear 
anywhere  in  the  transform  plane.  This  is  useful  for  line’^source  arrays. 

The  posiUons  of  the  radiaUon  circle  for  crossfire,  endfire,  and  broadside 
arrays  are  shown  m  Figures  7a,  b  and  c. 


Examples  of  patterns  obtained  in  aMalysis  or  synthesis  problems  of  plane  arrays 
wUl  be  shown  later  in  order  to  clarify  and  extend  the  concepts  thns  far  developed. 
Howeverj  before  showing  these  examples  it  is  useful  and  informative  to  inquire 
further  into  the  reason  why  the  ra^ation  hemisphere  maps  onto  the  transform 
plane  in  the  particular  way  that  it  does,  in  order  to  do  this  it  is  convenient  to 
consider  the  radiation  pattern  of  the  most  general  type  of  array,  in  which  the 
antennas  are  distributed  throui^out  a  volume. 

TRANSFORM  SPACE 

Two  antennas  of  a  volume  array  are  shown  in  Figure  ic.  ii  this  case  the  rela» 
tive  space  phase  shift  of  antema  #4  with  respect  to  antenna  #1,  including  the 
phase  adjustment  which  brings  all  the  vectors  in  phase  for  one  (Urection  is  in^ 
eluded  m  i  / 


Where 


KxS  *  S I r>  h  *  S  in  k 


(13) 


this  case  the  spectrum  must  be  represented  by  a  volmne,  or  three  dimen« 
sional  space,  c^led  transform  space.  The  ipcus  hf  points  correspondmg  to  the 
various  azMuth  and  elevation  directions  may  be  mapped  onto  the  surface  of  a 
unit  sphere,  called  the  radiation  sphere,  and  which  is  shown  in  Figure  8.  The 
sphere  may  be  made  identical  with  the  sphere  shown  in  Figure  2.  The  direction 
from  the  center  of  the  s^ere  to  the  origin  is  ( 0,^,  h^)  and  the  origm  is  a  point 
on  the  surface  of  tilie  sphere.  For  some  appUcations,  it  is  desirable  to  have  the 


origin  outside  the  fadiatioa  sphere.  In  this  case,  parameters  and 

2fur  are  added  to  u^  Vj  and  w  respectively.  The  radiation  sphere,  as  a  function 
of  u  and  V,  may  be  completely  defined  by  its  orthographic  projections.  In  the 
case  of  a  plane  array^  which  is  represented  in  actual  space  by  only  two  dimen « 
sions,  the  patterns  vdll  be  a  function  of  only  two  of  the  three  transform  coor- 
dMates. 

Every  point  in  transform  space  has  associated  with  it  an  intensity^  specified  by 
the  space  factor,  S,  which  is  a  function  of  the  three  variables  u>  v  and  w. 

This  is  iUce  an  electric  field  for  which  the  intensity  is  specified  at  every  point. 
The  dimensions  of  S  are  complex  field  intensity^  defined  by  an  amplitude  and  a 
phase. 

The  amplitude  and  phase  associated  with  those  points  in  transform  space  which 
coincide  with  me  suiiace  of  the  radiation  sphere  define  the  radiation  for  the  cor^ 
responmng  values  of  azimuth  and  elevation.  This  is  the  reason  why  this  method 
of  representation  was  chosen  earUer. 

SPECf EA  OifAINABLE  FROM  RECTANGULAR  PLANE  ARRAYS 

It  is  intended  that  the  mathematical  treatment  of  the  radiation  theory  herein  pre« 
sented  shall  be  left  for  later  parts  of  this  report.  However,  it  is  useful  at  this 
time  to  make  use  of  one  of  me  relationships  which  will  be  developed  later  in 
order  to  justify  and  explain  some  of  the  physical  examples  and  sketches  which 
^11  be  shown  here  to  indicate  me  physical  limitations  upon  me  spectra  of  aper« 
ture  illuminations  mid  the  patterns  wMch  may  be  obtained  in  radiation  space. 

For  example,  it  is  convenient  to  describe  a  typical  aperture  illumination. 
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An  ililustrative  continudus  aperture  itluMinatidn  for  an  array  contained  within  a 
rectangle  of  area  4X^  was  shown  in  Figure  The  illumdnation  is  conveniently 
expressed  matheMatically  in  terms  of  a  Fourier  series,  as  is  retuired  for  a 
two  ^mensional  function,  it  is  useful  to  write  the  douhle  Fourier  series  in  ex» 


ponential  form  as  shown  below  because  when  this  form  is  substituted  into  equa¬ 
tion  11  and  integrated  a  particularly  useful  form  is  obtained. 


(Bp  ^ 

I  I  i 


Km 


(14) 


For  simplicity,  consider  a  single  harmonic  term  of  the  series  such  as 

t 

f  ^  jftcirfti  +  AUrX) 

(15) 


When  this  is  substituted  into  equation  11  it  is  found  that 


(tt 


smCvT+Mir) 


The  spectrum,  or  space  factor  shown  in  equation  16  has  a  fandllar  form  when 
ei^er  u  or  v  is  constant,  since  in  ^at  case  it  varies  as  the  well  known 


curve,  For  example  if 


is  zero,  ttien  ^jq|^(^)  he  represented 


as  shown  in  Figure  9a,  This  function  goes  to  zero  at  intervals  ^  u  spaced  by 
except  that  has  the  amplitude  at  the  point  where  the  numerator  and’* 


denominator  ^  5|^(u)  bo&  go  to  zero.  This  occurs  when  uX  Ktt  =  0,  A 
series  of  such  curves  with  Afferent  values  of  K  would  be  spaced  so  that  the  zero 


pointf  coincide  and  therefore  a  series  of  three  terms  such  as  shown  in  Figure 
9b  is  completely  specified  by  the  amplitudes  Ij  F  and  g*  The  points 
where  the  zeros  can  occur  are  called  the  independent  points.  A  function  which 


In  the  two  dimensional  case  where  S  (u>  v)  is  given  by  equa^on  16,  the  spectrum 
may  be  represented  by  a  3  ^dimensional  sketch  such  as  was  shown  m  Figin'e  6^ 
or,  alternatively  and  more  simply,  by  the  locations  and  amplitudes  of  the  in^ 
dependent  points  as  indicated  in  Figure  10. 


It  can  be  seen  that  for  miy  apermre  illumination  which  can  be  expressed  as  a 
Fourier  series  hatdng  only  a  small  number  of  low  order  harmonics  the  I|^ 
coefficients  vdll  be  different  from  zero  only  at  those  independent  points  which 
are  near  the  origin. 


THE  SYNTHESIS  METHOD 

The  synthesis  metiiod  con^sts  of  building  up  the  desired  pattern  out  of  a  set  of 
standard  building  blocks  or  eigeitf unctions.  These  eigenfunctions  result  from 
taMng  the  Fourier  transform  of  the  aperture  illumination  when  the  illumination 
is  expressed  as  a  suitable  Fourier  series*  Fart  U  of  this  report  gives  the  de» 
tails  of  suitable  eigeirfunction  expansions  for  several  classes  of  arrays. 

As  rni  example  of  synthesis  consider  a  rectangular  plane  array  for  which  the 
eigeidunctions  have  the  form  shovm  above.  Suppose  it  is  desired  to  de-^ 

sign  such  an  array  having  a  single  narrow  main  lobe  and  virtually  no  side  lobes. 
It  is  useful  in  this  case  to  use  a  particular  set  oi  the  transform  pulses  known 
as  the  cosine  squared  type.  Cosine  squared  pulses  l^ve  been  used  to  produce 
a  flat  field  on  a  television^ screen.  This  subject  is  discussed  by  A,  V.  LoQghren 


and  H.  A.  Wheeler  in  'The  Fine  Structure  of  fete^sion  Inaages^ "  Proceeding$ 
of  I.  R.  1.  i  May  1938.  A  cosine  squared  pilse  is  indicated  m  Figure  5a;  it 
has  a  Fourier  transform  which  Is  very  close  to  being  a  cosine  squared  pulse 
also.  This  is  shown  in  Figure  5b.  The  transformi  of  the  cosMe  squared  pulse 
can  be  defined  by  the  set  of  coefficients. 


I 

0,0 


Figure  9  was  drawn  in  these  proportions.  In  the  two  dimensional  case  a  conven¬ 
iently  shaped  surface  may  be  built  up  by  using  the  set  of  coefficients  shoum  m 
Figure  11a.  The  space  factor  thus  produced  has  virtually  no  side  lobes  (the 
first  side  lobe  being  32  db  down).  The  space  factor  which  is  thus  obtained  was 
indicated  earlier  in  Figure  6b.  The  space  factor  for  it  o  ~  ^  ^  ^ 

was  sketched  in  Figure  2b.  The  required  aperture  illumination  has  the  follow 
ing  form,  other  than  the  mitiai  phase  adjustment  of  a  ^  and  h^  to  direct  the 
major  lobe  in  the  desired  direction. 

K*.  y)  .  4cos2(^)cos*  ^)  (18) 

and  was  sketched  in  Figure  6a.  This  is  one  oi  the  simpler  examples  of  the  use 
of  a  shaped  aperture  illumination  to  obtain  a  specifii^^r^tlvity  pattern. 

U  the  aperture  had  been  uniformly  illumimited  then  l(x,  y)»  q  nnd  S(u,  y)  ^ 

S  ,  and  the  pattern  would  have  been  that  of  equation  16  with  K  and  M  set  equal 

Q  jO 

to  zero.  The  side  lobes  for  uniform  illumination  are  much  larger  toan  for  cosine 
squared  illuminaUon,  parUcularly  in  the  u  ^  o  and  v  #  o  directions.  In  these 
cases  the  maxima  are  the  same  as  in  Figure  9. 

*  Bazeltine  ElectroniGS  Corporation  Report  #771  BW. 
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The  s3rnthesis  problem  in  iSte  simpiest  case  is  approached  by  building  up  the  de-^ 
sired  pattern  from  the  basic  building  blocks  and  then  finding  the  necessary  aper^^ 
ture  illumination.  The  design  of  arrays  which  make  economical  use  of  the  av^l» 
able  space  and  which  utilize  only  a  small  number  of  radiating  elements  in  the  ar¬ 
ray  requires  the  careful  consideraiion  of  several  factors  wMch  are  discussed  in 
detail  in  secdon  Ei  of  this  report.  These  factors  are: 

(1)  The  type  of  radiating  element  and  the  orientation  of  the  radiadng  elements 
with  respect  to  the  array  which  results  in  the  most  useful  function  (d ,  h). 

(2)  The  combinations  ^  eigenfunctions  which  reproduce  the  desired  pattern  to 
a  satisfactory  approxinyition  consistent  with  an  acceptable  compromise  between 
size  of  apertur  e  and  density  of  antennas « 

(3)  The  modification  of  the  pattern  of  a  continuous  illundnation  by  discrete  an- 
tennas»  and  the  most  advantageous  use  of  this  effect* 

ARRAYS  OF  DISCRETE  ANTiRNAS 

An  array  of  discrete  antennas  may  be  analyzed  or  synthesized  by  considering 
such  an  array  as  a  continuously  illuminated  apertur  e  having  an  illumination  which 
is  the  product  of  two  parts.  One  part  l^(x)  is  similar  to  the  illumination  already 
considered.  For  e3cimple»  see  Figure  12a  for  a  Une -source  array.  The  other 
part  P(x)  is  defined  as  zero  mccept  at  the  points  occupisd  by  Rie  antennas.  See 
Figui'e  12b.  The  total  illuminailom  I(x),  is  the  product  of  the  two  as  shown  be¬ 
low: 

I  (x)  =  I^(x)  P(x)  (19) 

See  Figure  12c. 

The  spectrum  corresponding  to  a  continuously  illuminated  aperture  such  as  shown 
in  Figure  12a  is  shown  in  Figure  13a  in  which  a  typical term  is  sketched 
as  well  as  the  resultant  of  aU  such  termsi  and  in  wMch  the  harmonic  amplitudes 
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TYPICAL  TERM 


FIGURE  1$ 


are  indiGated. 


The  reason  the! 


K 


coefficients  in  the 


function  are  called 


the  harMonic  aMpIitudes  is  made  clearer  by  consideration  of  Figure  iSb  which 
shows  the  spectruM  which  would  be  obtained  if  tbe  continuous  aperture  illunii^ 
nation  of  length  ^  which  is  shown  in  Figure  12a  were  repeated  iMimtely  at  in^ 
tervals  of  2Xi  This  is  the  spectruna  of  a  repeating  pulse  seq;uence  and  each 
vertical  line  in  Figure  13b  represents  one  harnaonic  conaponent.  The  effect  of 
the  finite  aperture  is  to  Modify  Figure  13b  to  Figure  13a^  which  is  a  contbiuous 
spectruna^  but  still  May  be  regarded  as  being  Made  up  of  the  harMonic  coMpo» 
nentSi 


The  effect  of  appro^Mating  ^e  continuous  finite  aperture  ^  Figure  12a  with 
the  discontinuous  finite  aperture  of  Figure  12c  is  to  Modify  the  spectral  pulse 
of  Figure  l3a  to  the  sequences  of  spectral  pulses  of  Figure  14<  The  pulses  in 
Figure  14  are  separated  froM  each  other  by  a  nuMber  of  independent  points,  or 
harMonics,  equal  to  the  nuMber  of  antennas  in  the  particular  P(x)  function.  This 
is  a  result  of  the  Multiplication  of  the  two  harMonic  series. 

These  results  are  of  a  faMiiiar  forM.  Since  the  aperture  iiiuMination  is  like  a 
tiMe^pulse  which  is  saMpled  at  a  high  rate  (such  as  for  exaMple,  in  a  super 
regenerative  saMpling  process),  the  result  is  that  the  spectruM  of  the  saMpled 
pulse  consists  of  a  set  of  Modulated  carriers.  Each  carrier  is  a  harMonic  of 
the  saMpling  pulse  rate  and  each  carrier  when  Modulated  is  replaced  by  a  har« 
Moidc  sequence  identical  in  forM  with  the  spectruM  of  the  unsaMpled  pulse  but 
with  the  spectral  groups  centered  on.  the  carriers  as  is  in^cated  in  Figure  14, 
The  Mghest  vMaMbiguQus  Modulation  rate  is  one’^half  the  saMpling  rate. 

It  May  be  noted  in  Figure  14  that  a  different  picture  is  drawn  depending  on 
whe&er  an  odd  nuMber  or  an  even  nuMber  of  antennas  defined  the  saMpling 
rate,  TMs  is  because  the  side  lobes  of  the  function  alternate  hi  phase. 
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The  invef  sion  shown  in  Figure  14  indicates  that  the  fhase  of  the  mo^fication 
Of  the  oripnal  pattern  which  results  from  the  fact  that  a  discrete  number  of 
antennas  is  used  instead  of  a  continuous  illumination  always  has  the  same 
phase  regardless  of  the  number  of  antennas  in  the  line^  although  the  amplitude 
of  the  correc^on  term  at  any  point  tends  to  decrease  as  the  number  of  antennas 
increases. 

In  the  case  of  a  rectangu^  plane  area  array  the  pattern  shown  in  Figure  I  la, 
in  which  only  nine  spectral  components  appear  for  a  continuous  illumination, 
must  be  modified  to  me  pattern  shown  in  Figure  lib  in  which  the  nine^sequence 
is  repeated  over  the  entire  plane  in  a  rectangular  lattice  in  which  the  spacing  in 
the  u  direction  is  equal  to  the  number  of  antenna  rows  along  the  x  axis  and  the 
spacing  in  the  v  direction  is  equal  to  the  number  of  antenna  rows  along  the  y 
axis. 

The  number  of  anteiuias  needed  within  the  specified  aperbire  can  be  found  from 
Fipre  11  since  it  is  merely  necessary  to  insure  that  the  extra  lobes  which  re-^ 
suit  from  the  discreteness  of  the  antennas  do  not  undesirably  alter  the  pattern 
or  space  factor  in  that  portion  of  the  transform  plane  which  corresponds  to  radi<- 
ation  space, 

TMs  problem  will  be  discussed  more  fully  in  Section  ni  of  this  report.  However, 
in  order  to  roimd  out  the  general  picture  of  the  theory  herein  presented  an  ex^ 
ample  will  be  given  next  of  an  analysis  problem  to  which  the  theory  was  applied. 

ANALYSIS  OF  A  CIRGULAR  LINE  ARRAY  OF  DISCRETE  ANTENNAS 

There  are  a  large  number  of  forms  in  which  the  formula  for  the  pattern  of  an 
array  may  be  written.  Some  of  these  involve  a  reasonably  small  number  al 
simple  terms.  OHiers  may  have  sequences  of  infinite  series  which  must  be 


1-33 


adied  to  give  the  sa%e  Fesults  as  the  closed  form  solutions^  For  each  general 
Shape  ol  aperture  there  is  a  particular  set  of  coordinates,  suited  to  the  geonce^ 
try  of  the  aperture,  which  is  most  convenient  for  representing  both  the  aperture 
illumination  functions  and  the  spectra.  In  the  case  cf  arrays  of  circular  shape, 
one  example  of  which  is  the  array  of  antennas  on  the  perimeter  of  a  circle  in  a 
horizontal  plane  considered  here,  it  is  convenient  to  use  polm:  coordinates  such 
as  are  shown  in  Figure  15a  to  represent  the  geometry  cf  the  antenna  array.  The 
angle  is  used  to  represent  angular  position  of  an  antenna  from  ^e  x  axis,  as 
shown,  and  the  radius  r  represents  the  distance  from  the  origin  to  the  particular 
antenna.  The  phase  of  the^voltage  induced  in  any  antenna  on  a  circle,  compared 
to  that  which  would  he  induced  in  an  antenna  at  the  center  is  ^  cos 

Two  new  parameters,  ^  and^  appear  here,  This  form  could  be  obtained  directly 
from  the  emrUer  form  for  rectangular  coordinates  by  a  standard  transformation 
of  the  variables;  ^  and  Q  may  be  defined  in  terms  of  u  and  v, 

in  this  case  it  is  found  that  the  transform  plane  is  most  conveniently  described 
in  terms  Of  the  polar  coordinates  shown  in  Figure  15b  in  which  Q  represents  the 
angle  made  with  the  u  axis  by  a  vector  from  the  point /o  =  o  to  any  arbitrary 
point,  The  radial  distance  is  /O  ,  The  actual  spectrum  is  independent  of  the 
set  of  coordinates  used. 

As  is  the  case  with  most  problems  in  electromagnetic  dieory  which  involve  cir-^ 
cular  geometry  the  solutions  are  most  conveniently  obtained  in  closed  form  in 
terms  of  Bessel  functions  cd  the  first  kind.  The  general  formulas  for  circular 
arrays  are  presented  in  Part  II  of  this  report.  The  Bessel  fmctions  Of  tiie 
first  kind  are  all  very  much  alike,  as  can  be  seen  from  Figure  16. 
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The  eigenftMctidns  which  appear  in  the  case  of  the  circular  array  are  comhin^^ 
alidns  df  Bessel  functidns  df  the  first  kind  df  Ifgument  ,  and  trigdndndin^ 
etrical  functidns  cf  9^  Fdr  es^mple^  an  array  df  ten  antennas  spaced  1/2  wave 
length  apart  ardund  a  circle  and  having  equal  currents  fdr  all  the  antennas 
wduld  have  its  spectruM  expressed  by  the  equatidn 


S  =  Jo  * 2  COS 


10  0 


<¥  terms  in  fi  r)  and  dther  higher  terins>  all  df  which  can  be  neglected. 

The  first  term  in  tMs  expressidn  represents  the  pattern  dbtainable  fdr  a  Cdn^ 
tinudusly  illuminated  aperture;  this  pattern  is  sketched  in  Figure  17  which  indi^ 
cates  by  an  isdmetric  drawing  the  spectrum  cdrrespdnding  td  each  pdhit  of  the 
transfdrm  plane  in  the  vicinity  of  the  drigin.  The  second  term  in  the  expressidn 
for  S  )  shdwn  abdve  is  the  dnly  factdr  mtrdchiced  by  the  fact  that  the 
array  consists  df  ten  antennas.  This  factdr  is  shewn  for  small  valuls  of  ^  R  , 
by  the  isemetric  drawing  of  Fipre  18.  Since  beth  are  real  functicus,  the  total 
amplitude  is  the  sum,  with  due  regard  to  mgn,  of  the  amplitudes  phown  in  Figure 
17  and  Figure  18.  The  correctien  term  is  zero  to  several  decimal  places  for  a 
distance  from  the  drigin  which  increases  with  me  density  df  antennas  pn  the  per» 
imeter  of  the  circle.  Fdr  example,  it  may  be  seen  from  Figure  16  that  the  am^ 
plitude  any  Bessel  function  is  negligible  until  the  argument  is  as  large  as  a 

A 

few  integers  less  than  the  order,  as  indicated  by  the  values  of  J,,(K).  The  sig«» 
nificance  of  dUs  fact  will  be  explained  in  greater  detail  in  a  later  section  of  this 
report  in  which  the  mamematics  of  circudar  arrays  will  be  discussed.  However, 
it  can  be  seen  here  that  die  effect  of  discreteness  in  cfrcular  arrays  is  similar 
to  mat  ahready  found  in  rectangiHar  arrays. 
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li'he  pfoceduf e  used  in  analyzing  of  finding  the  pattern  of  a  cifcular  array  con-^ 
sists  of  drawing  on  a  suitable  set  of  coordinates,  lines  corresponding 

to  naaxima,  rntnima  and  zeros  of  S  in  the  transform  plane.  Along  any  radial 
line  ^  is  a  constant  and  the  spectrum  is  a  function  cl  a  single  variable,  . 
Along  any  circular  line  conceniric  with  the  origin  of  the  transform  plane  ^  is 
a  constant  and  l^e  spectrum  is  a  func^on  of  a  single  variable,  & ;  critical  pomts 
on  the  intensity  contour  curves  for  various  portions  of  the  transform  plane  can 
thus  be  obtained  by  simple  graphical  means  using  simple  functions  of  a  single 
variable.  This  would  not  be  possible  if  it  were  attempted  to  find  the  patterns 
as  a  function  of  azimuth  and  elevation  directly. 

When  the  pattern  lines  have  been  plotted  in  the  transform  plane  they  may  be 
traced  on  to  a  piece  of  special  graph  paper  which  represents  radiation  space. 
Figure  19  is  a  sample  of  the  graph  paper  used.  With  circular  arrays  ^  , 
is  generally  taken  as  zero  and  a  choice  of  h,  is  made  before  tracing  the  pattern 
from  the  transform  plane.  Figure  20  shows  a  typical  pattern  for  a  circular  ar^ 
ray  for  which  ^  =  0°  and  h^  *  30®.  The  pattern  is  indicated  by  lines  of 
extreme  or  zero  values  Of  I  $  I  . 

Study  of  the  graph  paper  shows  that  certain  ranges  of  elevation  are  compressed; 
for  example,  it  is  not  posable  to  read  conveniently  to  witidn  1®  of  elevation  in 
the  range  0  to  IQ®  of  elevation.  However,  it  will  be  noted  that  the  pattern  lines 
are  approximately  umformly  spaced  on  tMs  paper.  This  is  because  the  pattern 
in  tile  tran^orm  plane  is  limited  in  the  rapidity  with  which  it  can  change  with  dis 
tance  along  the  plane  and  the  intensity  can  be  read  to  the  same  accuracy  for  all 
values  of  azimuth  and  elevation. 
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-SPACE  FACTOR  FOR  iS  EUBMENT  ARRAY 


SPACE  FACTOR  FOR  CONTINUOUS 
IlkLUMlNATlON 
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The  peHoffiiaiice  of  the  antenna  array  as  a  fimction  of  frequency  is  found  by 
using  the  coinbuted  pattern  wl^  graph  papers  in  which  the  raddi  of  the  circles 
are  j  cos  h^  This  follows  fronn  the  general  property  of  the  patterns  in  trans« 
forin  s^ce;  the  ratio  of  the  ra^tion  sphere  to  any  reference  ^mension  of  the 
spectrum  (for  a  fixed  illumination  over  the  aperture)  is  proportional  to  tne  fre» 
quency^  The  position  of  die  center  of  the  radiation  circle  is  a  funcdon  of  fre^ 
quency  that  depends  on  the  particular  phasing  networks  which  are  used.  The 
center  of  the  circle  may  follow  any  pain  (as  a  function  of  frequency)  which  is 
consistent  with  physically  realizable  i^ase^shMt  networks^ 
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SUHOliARY  Of  FORMULAS 


INTRODUCflON 

TMs  section  of  l^e  f  epoi^  sunimarizeS  the  formulas  which  are  used  in  the  ana^ 
iysis  and  synthesis  of  the  l^ree  broad  classes  of  arraySi  These  are 

(1)  Perimeter  arrays,  in  iMs  class  are 

(a)  Linear  arrays^  or  straight  line  arrays.  (Figure  21) 

(b)  Circular  line  arrays^  (Figure  22) 

(c)  Rectangular  line  arrays.  (Figure  23) 

(2)  Area  or  surface  arrays.  M  this  class  are 

(a)  Plane  rectangular  arrays.  (Figure  24) 

(b)  Plane  ciTGUlar  area  arrays*  (Fipre  25) 

(c)  Annular  area  arrays.  (Figure  26) 

(d)  Cubical  surface  arrays.  (Figure  2?) 

(e)  Cylinihrical  surface  arrays.  (Figure  23) 

Types  (a)  and  (b)  are  basic  and  are  possibly  the  most  important  of  all.  The 
formulas  used  in  (c)  are  a  special  case  of  those  used  hx  (b).  (d)  and  (e)  are  de^ 
rived  from  Ic  mid  lb  by  e?dension* 

(3)  Volume  arrays,  in  tMs  class  are 

(a)  Cubical  volume  arrays.  (Figure  29) 

(b)  Cyllndbrical  volmne  arrays.  (Figure  30) 

The  formulas  presented  here  provide  a  direct  relationship  between  the  illumhi’’ 
ation  of  the  aperture  and  the  space  factor  of  the  array.  These  formulas  represent 
the  aperture  illumination  in  terms  of  a  suitable  Fourier  series.  Thus  each  com* 
ponent  of  the  Ulumlnation  is  related  to  a  particular  component  of  die  pattern  in 


n*l 
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PLANE  REGTANGULAR  ARRAY 


PLANE  CIRCULAR  AREA  ARRAY 


annular  Ring  array 


CUBICAL  SURFACE  ARRAY 


cylindrical  surface  ARRAY 


tr^sfor m  space  tbe  complete  pattern  is  Pnilt  up  of  the  component  building 

blocks^  m  all  cases  it  is  assumed  that  the  voltages  induced  in  all  the  antennas 
of  the  array  are  brought  to  some  common  point  such  as  the  origin  by  transmis« 
Sion  lines  of  identical  delay  time  and  then  added  with  suitable  modifications  of 
amplitude  and  phase  which  are  defmed  ^  the  aperture  illumination  and  the  initial 
phase  ad|ustmenti  Reciprocal  arrangements  are  made  for  transmitting  arrays. 
An  aperture  illumination  of  \mity  is  deMed  for  the  case  where  all  of  Uie  voltages 
are  added  m  phase  and  with  equal  amplitude  for  a  sinaie  direction  of  travel  of  a 
plane  wave^  specUied  and  h  =  h^* 

The  patterns  are  described  m  terms  of  the  spectrum  parameters^  u>  v^  and  w 
or^  ,  s  and  w.  The  spectrum  parameters  are  trigonometrical  and  hence  repeti 
tive  functions  of  azimuth  and  elevation^ 


TEE  GiNlRAL  FORM  OF  EQUATION 


The  formulas  which  are  presented  here  are  all  based  on  a  set  of  basic  relation^ 
ships  which  are  presented  below.  The  phase  and  amplitude  corresponding  to  any 
particular  antenna  compared  to  an  antenna  at  ttie  origin  is  expressible  in  these 


forms: 


Where 

a  ^  COS  Cos  h  *  COS  Cos  ho 
If  5  Sin^Cos  h  *  Cos  ho 

Cf  'Sin  h  *  Ho 

or  T  T  /  X  /:  CP5((9^e)  t 


where 


f>  CQSi/S^B)  ' CPS(o< *j(?)  Cos  H  «  CgS^o  7?) COSho 


n*5 


From  figure  15  it  can  be  seen  mat 

X  =  r  eos  0  u  =  ^  cos  6 

y  =  fsiaji^  sin  § 

The  general  form  is  obtained  summing  or,  therefore,  in  the  limit  inte¬ 
grating  these  terms  in  1  over  the  entire  region  which  contains  the  antennas^  £: 
is  convenient  to  normalize  the  results  dividing  the  integral  by  a  number  equal 
to  the  extent  of  the  region.  This  extent  is  a  length  or  an  area  or  a  volimae  m  any 
particular  case.  The  general  form  of  equation  is  therefore 

S  ^  I(f6gl6»)  </ (extent) 

^  region 

This  formula  takes  the  forms  shown  in  TaMe  I  for  the  basic  types  of  arrays* 

The  first  column  lists  the  types  of  array.  The  second  column  lists  the  basic 
formulas  derived  from  the  general  form.  The  third  column  shows,  for  those 
types  for  wMch  the  results  are  useful,  the  inyerse  transforms  by  means  of  which 
I  may  be  found  from  S,  by  direct  anpUnallon  of  Fourier’s  Integral  Theorem. 

Two  questions  might  be  r^sed  from  consideration  of  Table  I.  These  concern 

(1)  The  limitations  upon  the  spectrum  which  will  insure  that  the  required 
aperture  illumination  will  not  differ  firom  zero  m  the  region  outside  the 
desired  aperture  and 

(2)  The  Uiverse  transforms  for  circular  arrays. 

These  are  answered  below. 

FQimiER  EXPANSI^S  OF  T^  ILLUh@lATm  AND  OF  THE  SPECTRUM. 

The  basis  for  both  the  analysis  and  synthesis  methods  which  are  described  in 
this  report  is  the  e^qpanslon  of  the  aperture  illumination  into  a  suitaMe  Fourier 


FroDEi  figure  15  it  can  be  seen  that 

X  =  r  cos  0  n  =  !>  COS  B 

y  =  r  sfii  V  sin  B 

The  general  form  is  obtained  by  summing  or^  therefore,  in  the  limit  inte-^ 
grating  these  terms  in  1  over  the  entire  region  which  contains  the  antennas^  It 
is  convenient  to  normalize  the  results  dividing  the  integral  by  a  number  equal 
to  the  extent  of  the  region«  This  extent  is  a  length  or  an  area  or  a  volume  in  any 
particular  case.  The  general  form  of  equation  is  therefore 

r  I  (wetP.)  </(«»«) 

exceni  ^  region 

This  formula  takes  the  forms  shown  m  Table  I  for  the  basic  types  of  arrays^ 

The  first  colunm  lists  the  types  of  arrays  The  second  column  lists  the  basic 
formulas  derived  from  the  general  form.  The  third  column  shows>  for  those 
types  for  which  the  results  are  useful,  the  inverse  transforms  by  means  of  which 
1  may  be  found  from  s,  by  #fect  an^foation  of  Fourier’s  Integral  Theorem* 

Two  questions  might  be  raised  from  consideration  of  Table  I.  These  concern 
(1)  The  limitations  upon  the  spectrum  which  wUl  insure  that  the  required 
aperture  iUummation  will  not  difier  from  zero  in  the  region  outside  the 
desired  aperture  and 

{%)  The  inverse  transforms  for  circular  arrays. 

These  are  answered  below. 

FOURIER  EXPANSIONS  OF  THE  ILLUh^ATION  AND  OF  THE  SPECTRUM. 

The  basis  for  both  the  analysis  and  synthesis  methods  which  are  descril^d  in 
this  report  is  the  enmansion  of  the  smerture  illumination  into  a  suitable  Fourier 


series  and  the  determination  by  means  of  the  eqiuatiOnS  given  in  Table  I  of  a 
siiitaMe  e:^ansion  of  the  spectrum  in  terms  of  a  particular  Fourier  eigen^^ 
function  e^ansion.  These  eigei^unctions  explicitly  contain  the  dimensions  of 
the  aperture.  Any  spectrum  built  up  out  of  any  combination  of  any  si|nsl6  set 
of  eigenfunctions  can  be  realized  an  array  contained  wholly  within  the  aper- 
turej  the  Size  of  which  appears  in  ^e  eigenfunction  of  the  spectrum,  and  the 
form  of  which  is  determined  by  the  form  of  the  eigenfunction. 

TaMes  1,  In  and  IV  show  typical  terms  in  the  illuMination  of  the  several  types 
of  array  considered  here  and  the  corresponding  terms  in  the  spectrum  which 
are  obtained  by  substituting  the  illumination  function  into  the  particular  basic 
formula  of  Table  1  which  is  applicable  to  the  type  of  array  considered.  The 
derivation  of  these  formulas  is  discussed  in  Appendix  i.  The  derivation  of 
the  formulas  used  for  arrays  of  discrete  antennas  is  given  ha  Appendix  n. 

MATHEMATICS  OF  CmCUI^  ARRAYS. 

in  order  to  perform  the  integration  in  the  circular  case  it  is  necessary  to  use 
the  following  relationship. 

+2  g  ( cosf(^,0) 

ThuS)  for  example,  for  a  circular  ime  array,  Bessel  functions  are  introduced. 

In  order  to  evaluate  the  circular  area  array,  a  double  integration,  with  respect 
to  both  r  and^  is  necessary.  This  may  be  done  by  integrating  first  with  respect 
to,^,  and  then  integrating  the  Bessel  function  forms  in There  are  only  a 
few  known  indefinite  integrals  of  Bessel  functions;  these  were  used  to  get  the 
forms  which  are  shown  in  Table  in.  Case  2  is  a  completely  general  form,  m 
that  any  illumination  can  theoretically  be  expanded  in  a  series  hmown  as  a  Bini 
Series,  wMch  is  a  form  of  Fourler.^Bessel  Series  as  follows: 
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m  this  form  R  is  the  largest  radiu 

s  of  the  aiperture,  t! 

he  \  are  the  roots  of 

an  au^liary  efuation,  andiF|^  {^) 

is  an  added  term  wl 

lich  is  sometimes  needed 

for  this  type  of  series,  This  form 

1  of  eimansion  permi 

Lts  a  solution  for  the  spec« 

trmn  m  a  form  such  as  Is  shewn  ii 

case  2  of  Table  M  and  the  derivati 

1  Table  M,  case  2. 
ion  are  given  in  the 

Alteriiative  forms  for 
Appendix  A  # 

Fourier's  Integral  Theorem,  whici 
most  commonly  imown  m  the  Garni 

h  defines  a  pair  of  z 
)ell‘ Foster  form^ 

sciprocal  transforms  is 

F(t  )  ,  J””  O  te)  £ 

»pp 

«  od 

% 

When  F(f),  and  G(|t)  are  real,  this 

defines  the  relation 

ship  between  two  functions 

which  chh  be  fepfesehted  by  curves  above  an  axis  such  as  were  shown  in  Fipire  S. 
In  general  one  or  both  functions  may  be  complea^  and  a  plane  cailed  the  p^plane, 
where  p  =  j  2  irf,  is  used;  Complex  frequencies  have  been  found  a  useful  aid  to 
computation. 


m  the  multidimensional  case  the  concept  of  complex  frequencies  is  more 
complicated;  however,  with  respect  to  each  successive  mtegration  ^e  tools’ of 
contour  integration  may  be  appUed  m  mathematical  extensions  of  the  theory  . 

The  inverse  "rectangular”  transforms  always  involve  thevsame  number  of 
#mensions  on  both  sides  of  the  equations.  This  is  not  true,  however,  of  the 
circular  transforms,  For  momiple,  a  circular  area  array  has  the  transform 
pair 


-L  f 


J^reos 


TMs  Ms  two  dimensions  in  both  cases,  blit  the  cifcvilar  line  array  also  requifes 
A  ftinGtion  Of  both  |i6  and  9  for_the,in^ef  ee^transform and  the^solution  onlv_existe 
on  the  desired  ra^ns  when  the  function  S  (^,  G)  has  the  constrahits  mdicated  the 
form  of  Tabie  n,  case  2^  For  tMs  reason  the  inverse  transform  for  this  tj^e  was 
omitted  from  TaMe  Xi 

The  circular  area  case  takes  a  ipecial  form  when  ^e  formulas  are  written  as 
follows: 

and 

/rs-oo 

where 

Vyp) Idr 

^  o 

These  are  the  Bessel  Transforms  and  are  sbnilar  to  the  Fourier  transforms; 
the  Bessel  Transforms  are  completely  symmetrical  and  Mve  a  kernel  of  the 
form  t  instead  of  ^  as  in  the  case  of  Fourier  Transforms;  the 

range  of  integration  for  the  Bessel  transform  is  from  zero  to  infinity  etoce  it 
represents  radial  int^;ration  fo  a  pUmer  mid  aU  radii  are  taken  as  positive. 
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PART  m 

SYNTHESIS  OF  ARRAYS 


introduction 

This  section  of  the  report  presents  details  of  how  arrays  may  be  synthesized 
the  eigenfunction  method  and  discusses  some  of  the  problems  which  are  invoived 
when  the  synthesis  method  is  appliedi  A  numerical  example  of  the  synthesis  of  a 
rectangular  array  is  given^ 

In  conclusion,  the  properties  of  circular  arrays  are  considered  in  detail  although 
numerical  examples  for  circular  arrays  are  beyond  the  scope  of  this  report. 

THE  STEPS  P  THE  SYNTHESIS  MlfHOD 

The  problems  involved  in  the  synthesis  of  an  array  become  apparent  when  the 
steps  in  the  synthesis  method  are  considered  in  detail.  These  are  as  follows: 

(1)  The  desip  is  undertaken  to  obtam  a  particular  form  of  radiation  pattern. 
This  is  defined  in  terms  of  the  description  of  the  required  size  and  shape  of  the 
major  lobe  and  allowable  size  and  shape  of  the  minor  lobes.  Often  there  are 
other  limitations  wMch  may  restrict  the  Size,  shape  and  complexity  of  the  array. 
The  first  step  is  to  clearly  define  what  is  desired. 

(2)  A  type  of  array  (such  as  for  example  a  plane  rectangular  array  or  a  vertical 
cylinder  array  or  some  other  type  of  array)  must  be  chosen  tentatively  and  the  de^^ 
sip  carried  out  with  this  type  of  array  to  find  what  depee  of  complication,  what 
size  array,  and  how  many  elements  are  required  in  the  array  in  order  to  meet 

the  specified  conditions.  Since  there  are  several  types  of  arrays  adequately  gen» 
eral  in  physical  characteristics  to  produce  any  arbitrary  pattern,  there  may  ule 
tlmately  be  a  choice  among  several  desips  on  the  basis  of  economy,  simplicity 
and  practicality  for  the  particular  application. 
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(3)  A  tentative  choice  must  be  made  of  the  basic  elements  of  the  array  taking 
account  of  any  ground  plane  or  other  reflecting  surface  which  can  modify  the  op‘ 
eration  of  the  array  in  actual  use.  the  design  of  the  array  therefore  should  in^ 
elude  the  effect  of  ground  planes*  Under  certain  conditions  the  orientation  of 
the  elements  in  the  array  wiUi  respect  to  the  array  gives  a  useful  ad^tional 
variable  which  can  be  controlled  to  help  obtain  the  desired  overell  result  economy 
icallyi 

(4)  At  this  point  the  required  space  factor  may  be  defined  and  the  space  factor 
can  be  synthesized  from  the  eigenfunctions  for  the  particular  type  of  array  being 
Considered*  Thus  the  coefficients  in  the  generalized  Fourier  representation  of 
Uie  aperture  illumination  may  be  determinedb 

(5)  The  next  step  is  to  find  the  minimum  number  of  antennas  which  will  elim« 
inate  spurious  back  lobes*  At  this  point  it  is  sometimes  desirable  to  reconsider 
whether  it  may  be  possible  to  reduce  the  necessary  number  of  antennas  by  modi’' 
fying  the  type  or  orientation  of  the  basic  elements  in  the  array* 

(6)  It  is  sometimes  desirable  to  go  through  the  entire  design  procedure  for 
more  than  one  type  of  array  and  to  compare  the  end  results.  However,  if  it  is 
merely  desired  to  find  any  method  which  gives  the  desired  results  or  if  there 
are  specific  reasons  why  a  parUcular  form  of  array  must  be  used  the  design  is 
completed  with  the  preceding  step* 

DIPOLE  iMAYS 

The  overall  radiation  pattern  of  an  array  is  the  product  of  the  space  factor  of 
the  array  and  the  radhation  pattern  of  the  elements*  Figure  31  shows  plane 
dipole  arrays  with  three  cUfferent  orientations  of  the  dipoles  with  respect  to  the 
planes  of  the  arrays.  In  each  case  there  is  shown  also  how  the  pattern  of  a  single 
dipole  may  be  represented  in  the  ra<Uation  circle  of  tiie  transform  plane.  The 


circie  has  coordinates  here  of  the  type  shown  earlier  for  horizontal  plane  arrays. 
For  each  azimuth  and  elevation  there  is  indiGated  a  relative  radiation  intensity 
from  the  dipole.  The  resulting  surface  defines  a  function  of  azimuth  and  eleva¬ 
tion  which  multiplies  the  space  factor  at  points  in  the  transform  plane  which 
correspond  to  points  of  radiation  space.  This  is  the  F^  function  which  was  men¬ 
tioned  in  Part  I. 

The  concept  of  the  space  factor  may  be  readily  extended  to  what  may  be  called 
‘‘arrays  of  arrays^ "  for  which  the  overall  pattern  is  the  product  of  the  pattern 
per  element^  the  space  factor  per  basic  array  group  and  the  space  factor  for  the 
set  of  groups.  The  procedure  of  developing  an  array  into  an  array  of  arrays  has 
been  called  convolutionj  and  ^  alternative  approach  which  gives  these  results  is 
to  apply  the  familiar  convolution  or  folding  integral  of  Fourier  integral  analysis. 
See  for  example  "Fourier  mtegrals  for  Practical  Applications> "  Q.  A.  Campbell 
and  R.  M.  Fosterj  pairs  #202  and  #203.  The  convolution  process  can  be  used  in 
either  direction.  For  example^  the  results  obtained  for  arrays  of  ^screte  an» 
tennas  give,  for  the  prodhict  of  the  illuminations,  the  convolution  of  the  patterns. 

PUllSi  SEQUENCES 

There  are  many  types  of  pulse  shapes  which  can  be  built  from  the  JM^type  of 
eigenfunction.  One  simple  and  useful  group  of  these  is  shown  in  Figure  32.  This 
group  is  called  the  flat-field  sequence  and  is  one  group  whiGh  gives  very  small 
side  lobes.  With  some  slight  modiflcations  of  these,  the  first  side  lobe  can  easily 
be  reduced  to  zero  amplitude.  However,  in  a  practical  case  tolerance  problems 
would  make  such  close  design  futile. 
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Anothef  very  useful  type  is  shown  in  Figure  SSb.  Figure  33  eompares  the 
cosine  and  cosine ‘^squared  t^es  of  illumination.  Use  of  the  illumination  specie 
lied  for  Figure  33b  instead  of  that  specified  for  Figure  33c  in  an  array  of  the  type 
having  a  single  major  lobe  permits  a  saving  of  36%  in  the  number  of  antennas  re¬ 
quired  for  the  same  3  db  and  6  db  beamwidthSi 

Patterns  which  are  built  up  of  eigenfunctions  for  which  the  independent  points 
are  all  within  the  ra^ation  circle  generally  permit  the  exchange  of  beamwidth 
for  side^’lobe  level.  However ^  some  patterns  which  use  independent  points  out» 
side  the  region  of  the  transform  plane  corresponding  to  the  ramation  circle  can 
exchange  number  of  harmonics  (or  of  antennas)  for  either  or  both  of  the  above^ 
The  resulting  patterns  are  called  super  dir  ective^  A  basic  superdirective  type 
of  pattern  for  the  linear  array  is  shown  in  Figure  34j  along  with  the  required 
illumination  for  it.  The  same  principles  are  applicaMe  to  the  other  types  of 
arrays. 


EXAMPLiS  OF  $YKTHESiS  PLANE  RECTANGULAR  ARRAYS: 

Two  examples  will  be  given:  the  first  a  qualitative  example  to  outline  in  detail 
what  the  steps  are  in  the  synthesis  process;  and  the  second  a  numerical  example. 

Qualitative  Example,  Vertical  Wedge  Beam: 

Suppose  it  were  desired  to  synthesize  an  array  subject  to  the  following  limita¬ 
tions:  only  vertical  antennas  above  a  ground  plane  may  be  used;  the  side  lobes 
shill  be  as  small  as  is  reasonaldy  possible;  and  at  every  elevation  the  mam  lobe 
shall  correspond  to  the  same  value  of  azimuth  as  for  every  other  elevation.  The 
design  is  based  on  a  mpole  array  of  the  type  slmwn  m  Figure  31a,  The  steps  in 
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COMPARATIVE  TABLE 
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FIG.  34 
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the  design  procedure  are  in^eated  in  Figure  35  as  follows:  The  space  factor  of 
the  array  is  first  sketched  on  a  desipi  chart  such  as  is  shown  in  Figure  35ai  The 
single  lobe  shown  here  is  built  up^rom  the  pulse  sequence  of  Figures  32c  and  33b^ 
The  dimensions  of  the  aperiure  of  the  array  are  found  from  the  desired  beam  width 
as  shown  in  Figure  35a.  TMs  determines  Hie  locations  of  the  independent  points 
as  is  shown  in  Figure  35b»  The  last  step,  shown  in  Figure  35c  consists  of  finding 
the  minimum  number  of  antennas  in  the  array  which  will  prevent  the  occurrence 
of  undesirable  side  lobes  due  to  the  discreteness  of  the  array..  Since  the  pattern 
repeats  in  the  u  and  v  directions  at  distances  corresponding  to  a  number  of  inde^^ 
pendent  points  equal  to  the  number  of  rows  in  the  x  and  y  directions,  the  number 
of  antennas  is  equal  to  the  number  of  independent  points  within  the  dotted  reetangle 
Shown  in  Figure  35c. 

AMumerical  Ixampie: 

As  a  numerical  example  suppose  it  were  necessary  to  find  the  plane  area  and 
approximate  minimum  nmnber  of  antennas  per  unit  area  required  to  produce  an 
array  havmg  a  beam  with  a  single  major  lobe  and  very  small  minor  lobes,  and 
subject  to  the  following  conditions. 

(1)  The  half  .^amplitude  ^imuthal  beamwidth  shall  be  about  ^18^  at  zero  eleva« 
tion.  This  is  36°  total* 

(2)  The  mabi  beam  shall  be  at  the  same  azimuth  for  all  elevations. 

(3)  The  half^amplitude  vertical  beamwidth  shall  be  adequate  for  elevations 
up  to  at  least  60°. 

(4)  The  illummations  shall  be  as  simple  as  possible. 

(5)  The  array  must  consist  of  vertical  antennas  above  a  plane  earth. 
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An  illumination  of  the  type  speoified  for  Figure  33b  will  be  used  in  both  x  and 
y  direGtions. 

Let  u'  =  u  +  cos  h  i 

o 

For  this  type  of  pattern  the  half -amplitude  points  of  the  space  factor  occur  at  a 
separation  au^  =  1.64  f  &  1.6  Let  these  points  correspond  toe^  =  o° 

and  h  =  0°  and  h  =  78.5°  (see  Figure  36) »  Then  A  u'  =  0.8  =  cos  0°  ^  cos 
78i  5°  =  or  the  aperture  =  2  X  =  4f . 


The  nominal  beam  center  of  the  space  factor  is  half  way  between  these  points^ 
oratu'  =  0.2  +  ^  =  0.6. 


For  a  hai  beamwidth  of  about  18°  let  Av  ^  L  6  ^  =  2  (0»  3)  =  0. 6  or  the 
aperture  =  2y  =  5  l/3t. 


The  independent  points  in  the  u  direction  appear  at  u*  =  0.6  4^  ^  ’ 

But  0.6  +  ^  *  0.6  +|y  =  0.85.  The  spacing  between  independent 


X 

points  is 


I  which  is  0. 5,  Therefore  the  independent  points  occur  at  u’  =  1, 35,  .  85, 

.35,  ».15,  -.65,  -1.15,  »l,65,  etc.  These  are  shown  in  Figure  36,  The  value 

u'  ^  .  85  determines  h  =  32°. 

0 

The  first  independent  points  in  the  V  ^recUon  occur  at /v/  -  ^  .188. 

Since  the  spacing  between  independent  points  along  the  v  axis  is  Av  »  ^  ,  375 

the  independent  points  occur  at  /v/  =  ,188,  .563,  .938,  1,313  etc.  These 
are  shown  in  Figure  36, 


In  order  to  have  enough  anteimas  to  eliminate  side  lobes  but  not  more  than  this 
number,  let  toe  first  zero  of  the  repeated  (discreteness)  pattern  along  the  u’ 
a>ds  occur  at  u'  -  -1.15.  This  is  outside  toe  ratoation  circle.  The  corre¬ 
sponding  zero  toe  main  pattern  occurs  at  u*  =  1.35.  Therefore  5  rows  are 
needed  in  toe  x  direction. 
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An  iiluMination  of  the  type  specified  for  Figure  33b  will  be  used  in  both  x  and 
y  directions. 

Let  u'  =  u  +  cos  h^ . 

o 

For  dUs  type  Of  pattern  ^e  half  ^amplitude  points  of  the  space  factor  occur  at  a 
separation  au^  =  1.64  ^  »  1.  6  Let  these  points  correspond  to^  =  0®, 

X  X 

and  h  =  0°  and  h  =  78.  5°  (see  Figure  36).  Then  A  u'  =  0.  8  =  cos  0°  *  cos 
78. 5°  =  or  the  aperture  =  2  X  =  4# . 


The  noniinal  beam  center  of  the  space  factor  is  half  way  between  these  points, 
or  at  u'  =  0.2  +  -  0.6. 


For  a  half  beamwidth  of  about  18°  let  av  ^  l.  6  ^  »  2  (0, 3)  =  0, 6  or  the 
aperture  s  2Y  ^  5  l/St . 

f  he  independeht  points  in  the  u  direction  appear  at  u*  ^  0.6  +  ^  * 


But  0.6  +  ^  =  0.6  +||^  =  0.85.  The  spacing  between  independent  points  is 


I  which  is  0. 5.  Therefore  the  independent  points  occur  at  u*  =  1. 35,  ,  85, 

,35,  ^,15,  <'.65,  *1.15,  -1.65,  etc.  These  are  shown  to  Figure  36.  The  value 

u'  =  .  85  deternaines  h  =  32^. 

0 

.  3 

The  first  independent  points  to  the  v  direction  occur  at/v/  ^  ^  •  168. 

IT 

Since  the  spacing  between  independent  potots  along  the  y  ^s  is  Av  s  ^  ^  .  375 

the  independent  points  occur  at  /v/  -  .188,  .563,  .938,  1.313  etc.  These 
are  shown  to  Figure  36. 


to  order  to  have  enough  antennas  to  eliminate  side  lobes  but  not  more  than  tMs 
number,  let  the  first  zero  of  the  repeated  (discreteness)  pattern  along  the  u' 
a?ds  occur  at  u'  =  -1. 15.  This  is  outside  the  radiation  circle  >  The  corre- 
spon^ng  zero  of  the  main  pattern  occurs  at  u'  =  1.35,  Therefore  5  rows  are 
needed  in  the  x  direction. 
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The  first  zero  iii  the  v  direction  Occurs  at  v  =  563.  Let  the  correspon^g 

zero  of  the  repeated  (discreteness)  pattern  occur  at  v  =  .  938;  then  4  rows  are 
needed  in  the  y  chrection.  The  blade  dots  in  Figur  e  36  indicate  the  basic  and 
repeated  patterns.  Then  4  x  5  =  26  antennas  are  required.  The  locations  of 
the  antefmas  axe  shown  in  Figure  37^  The  equation  for  the  iHuniination  is 


I  (  y)  ^ 


^3  X  COS 


=  [cos  ^  to$ 


^JXQOS 


Figure  37  tabulates  the  relative  aMplitudes  and  phases  of  the  illuMination  for 
die  twenty  antennas,  including  the  phase  adjustment  which  would  naake  all  of 
the  contributions  of  the  individual  antennas  add  in  phase  if  the  aperture  were 
undormly  iiluminatedi 

Contours  of  the  overall  radiation  pattern  incluchng  the  F^  factor  for  the  dipole 
of  the  type  shown  in  Figure  31a  are  shown  in  Figure  36.  Figure  36  also  shows 
the  horizontal  azimuthal  pattern^  which  is  sketched  around^the  unit  circle. 

Some  of  the  physical  characteristics  of  circular  arrays  wui  be  briefly  discussed 
belQw^  but  a  numerical  example  is  beyond  the  scope  of  this  report. 

THE  lUEQymED  NUMBER  OF  ANTENNAS  IN  ARRAY  OF  ARBITRARY  SHAPE 

The  synthesis  of  arrays  of  anteimas  of  circular  or  other  shapes  requires  a  know» 
ledge  of  bow  many  antennas  are  needed  m  order  to  prevent  the  appearance  of 
spurious  lobes  due  to  discreteness  effects.  Physically  the  problem  is  simple, 
shice  for  example  any  plane  array  can  be  considered  to  be  cont^ned  within  some 
convenient  rectangle,  hi  the  circular  case  the  rectangle  becomes  a  square  in 
whieli  the  Ulumhmtion  is  different  from  zero  only  within  a  circular  resden.  The 
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The  circular  dots  give  the  loeations  of  the  antennas,  The  numhers  define 
the  illuininations  of  the  antennas,  as  determined  in  the 
Numerical  Example. 


FI6.37 
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e^ect  of  disef etMess  16  to  make  the  pattern  repeat  at  such  Intervals  as  are 
Indicated  in  Figure  35Ci  For  example;  computations  on  the  circular  array 
with  reflector  show  that  when  the  frequency  is  increased  60%;  and  hence 
the  ratio  of  radiation  circle  size  to  space  factor  pattern  size  is  increased; 
side  lobes  appear  in  the  region  of  about  ^80^  as  would  be  ea^cted  from  Figure 
35c. 

fhuS;  the  (approximate)  required  density  of  antennas;  that  iS;  number  of  an« 
tennas  per  tmit  area  in  order  to  control  side  lobe  effects;  may  be  readily  de^ 
termined  for  any  shape. 

Sometimes  an  array  may  be  considered  most  conveniently  as  the  sum  of  two 
arrays  and  the  overall  pattern  is  then  the  sum  (with  due  regard  to  phase  angles) 
of  the  two  patterns;  in  such  a  case  the  discreteness  problem  is  solved  for  each 
component  array  separately. 

f  he  same  concepts  are  applicate  to  volume  arrays  and  to  spectra  in  three 
dimensional  transform  space.  Thus  at  this  pomt  severe  broad  conclusions 
may  be  Stated  regardless  of  the  shape  of  the  aperture: 

(1)  The  coarseness  or  basic  ripple  or  grain  size  in  transform  space  is 
determhied  by  the  effective  Size  of  the  aperture  in  the  coordinate  Erection 
corresponding  to  the  transform  coordmate  along  which  the  grain  size  is  mea^ 
sured.  The  words  effective  size  are  used  because  in  general  patterns  which 
have  small  amplitude  near  the  edges  have  broader  main  lobes  than  apertures 
of  the  same  size  wMch  are  uniformly  iUumhiated, 

(2)  A  direct  exchange  of  beamwidth  for  side  lobe  level  may  be  made  by  using 
iUirntmations  wMch  are  largest  near  the  center  and  which  fall  to  a  small  value 
near  the  edges  of  the  array. 


(3)  f  here  is  a  ^ect  relationsMp  between  the  density  of  antennas  in  any 
Erection  in  array  space  and  the  distance  between  the  repeated  patterns  in  the 
corresponding  direction  in  transform  space.  This  is  a  physical  phenomenon 
which  is  independent  of  the  exact  shape  of  the  arrays 

SYNTHESIS  OF  OSCULAR  AREIAYS 

The  synthesis  of  circuis^  arrays  is  complicated  the  fact  that  the  lessel  ftmc» 
tions  fromi  which  the  patterns  must  be  bidlt  np  are  not  quite  as  easy  to  use  as 
sinusoidal  functions  ^  However^  if  the  various  characteristics  of  the  sin  x  func^^ 
tions  which  have  been  found  useful  are  enumerated  then  these  smne  cht^acteristics 
may  be  found  in  certam  of  the  forms  obtaMed  for  circular  arrays. 

These  useful  properties  are: 

(1)  It  is  possible  to  imlid  basic  patterns  by  use  of  the  independent  point 
method. 

(2)  It  is  simple  with  this  particular  form  of  eigenfunction  to  exchange  beam^ 
width  for  side  lobe  level  direcUy.  There  are  known  sets  of  pulse  shapes  which 
can  be  easily  designed  to  produce  small  side  lobes. 

(3)  The  eigenfimctions  are  simple  and  of  a  familiar  form. 

The  terms  which  appear  in  the  spectrum  column  of  items  2  and  3  of  Table  M  will 
be  briefly  dLscussed  below.  K  will  be  shown  that  Type  n[*’2  possess  the  first 
property  and  ^at  Type  ni«3  possess  the  second  property,  m  both  cases  the  phy-^ 
sical  characteristics  of  the  functions,  regardless  of  the  values  of  the  indices 
K  and  M,  are  simple  enough  so  that  a  little  stucbr  produces  the  desired  familiarity. 


Radiation  Function  (Type  EQ[«2) 


Consider  the  function 


^Kn  ^  ^  ^  ^  ^  Kf1  ^ 


where 


(H^t  K)J^  c®^>+  <^»Ik±  ir^^; 


Ihls  results  froin  expanding  an  arbitrary  function  of  r  in  a  Fourier  “Bessel 
Series. 


In  order  to  find  out  how  the  function  R^^  ( /9  R)  behaves  as  the  parameter  H 
varies  there  are  tabulated  in  f  able  V  the  forms  which  R^#  ( R)  takes  when 


H  takes  on  several  representative  X'alues  over  the  range  which  it  can  have. 
Each  value  of  H  corresponds  to  a  Specific  ratio  between  the  derivative  of  the 
racUal  fimctlon  and  the  radial  function  Itself  which  is  associated  with  ^e  K'th 


(exponential)  harmonic  of  the  aperture  Illumination. 


ihen 


TABLE  V 


m 


All  the  Bessel  FunGttoas  of  the  first  kMd,  Jg  (yOR)  behave  very  Mtich  like  shm= 
soidsd  functions  which  are  attenuated  la  amplitude  as  ^  ^  ^ 

and  are  substanUaUy  zero  for  /?R  <  K  appr®slmately  (refer  to  Figure  16). 


The  numerator  functions  here  behave  much  like  Bessel  Functions*  and  hence 
have  almost  regularly  spaced  zeros  spaced  by  very  nearly  ^  For  large 
values  of  /O  R  the  functions  behave  as 


For  small  values  ^  ^  R  the  functions  behave  as 


K  K ti¬ 


the  nvunber  H  determtoes  the  numerator  function.  The  possible  roots  A. 
which  are  the  eigenvalues  of  the  eigenfunctions  used  In  the  Fomler  expansion 
of  the  spectrum  are  all  roots  of  the  function  which  appears  to  the  numerator. 
The  characteristics  of  the  function  cim  be  seen  from  Figure  38  to  wMch  Figure 
38a  shows  the  performance  of  the  numerator  function.  Figure  38b  shows  the 
performance  of  the  denomtoator  function  and  Figure  38c  shows  the  composite 
function  for  the  case  where  H  -  oo.  The  composite  function  has  the  s^e 
zeros  as  the  numerator  fimction  with  the  one  exception,  A  composite 

function  behaves  very  much  Itoe  the  numerator  function  until  almost  up  to  the 
value  corresponding  to  the  root,  A  removed  just  like 

with  the  fimctlons  and  for  higher  values  of  ^  R,  R,^  ( ^  R)  is  atten* 

uated  rapidly. 
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One  proper^  of  the  Radiation  functions  ^it),  which  appe^s  ^ferent 
from  the  properties  of  the  function  is  the  form  of  the  denominator. 

The  eigenftmctions  for  the  rectangular  case  could  however  he  made  to  have  a 
similar  type  of  denominator  if  instead  of  the  e^onential  form  of  Fourier  series 

a  Sine  and  cosine  i^e  of  series  were  used.  For  examplej  refer  to  Figure  34. 
f^e  Sonine  Function  (Type  Rl-3) 

Consider  the  function 

The  function  (je>R)  is  a  new  mathematical  function*  wMch  will  here  he 
called  Sonine*  s  function  hecause  it  is  derived  from  an  equation  known  as  Sonine*  s 
integral  (hut  in  the  form  shown  m  Ta^e  M).  For  the  case  where  K^<0  the  func^ 
tions  have  heen  tabulated  and  these  ftmctions  are  known  as  the  lambda  functions. 
Curves  of  the  lambda  ftmctions  ti^en  from  Jahnke  and  Imde  are  shown  in  Figure 
39.  tt  can  be  seen  that  the  pattern  built  up  of  such  a  type  of  function  would  have 
a  Single  major  lobe  mid  small  minor  lobes  end  that  size  of  the  mmor  lobes  can 
be  exchanged  directly  for  width  of  the  major  lobes. 

The  general  function  S^^  (^R)  can  be  demi^trated  by  two  types  Of  sets  of  curves. 
The  .first  type  is  obtah:ed  by  letting  =  a  constant,  hi  this  t^e  there  are 
only  a  finite  number  of  curves  to  a  set.  ii  fact  that  number  is  K:^M^-2.  This  type 
has  the  useful  proper^  that  all  the  fimctions  of  each  set  have  the  same  zeros. 

♦This  is  r  ^*2)  =  M+1  times  the  functions  WMch  appear  in  Item  3,  Table  IR. 

T  (M+I) 

The  mo^ication  is  made  for  plotthig  purposes.  It  can  be  shown  that  when  M  =  -.1 
the  Sonhie  fmictions  give  the  same  pattern  as  a  circular  line  array,  and  in  fact  the 
iUmnmation  for  tMs  case  is  hdinite  on  the  perimeter  of  the  circular  area,  and 
finite  inside.  With  proper  normalization  and  careful  mathematical  rigor  it  can  be 
shown  that  the  circulmE'  line  array  is  a  limiting  case  of  this  sequence. 

Note  that  r  (M+2)  =  (M+1)/  and  that  0/  =1 
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The  second  type,  of  wMch  the  curves  froin  Jahnke  and  Imde  are  an  example, 
have  K  =  a  constant.  (In  that  case  K  =  0. )  This  group  has  an  inllnite  num- 
her  of  curves  per  set,  all  of  which  have  different  zeros,  and  hence  is  less 
useM.  fetches  of  the  six  lowest  order  function  sets  of  the  first  type  are 
shown  m  Figure  40.  These  are  drawn  here  to  the  same  scale  as  Figure  16 
for  comparison  purposes,  altnough  larger  curves  are  used  for  actual  design^ 

It  will  be  noted  that  each  set  begins  with  a  lessel  function  such  as  was  shown 
in  Figure  16  and  ends  with  a  lambda  fimction  such  as  was  shown  in  Figure  39. 
There  is  a  cUrect  exchange  between  main  lobe  shape  and  side  lobe  amplitude  # 

The  Sy^(^ilR)  functions  have  been  used  for  the  synthesis  of  radiation  spectra^ 
Further  Investigation  of  these  fimctions  leads  to  other  useful  properties  which, 
\mder  certain  conditions,  simplify  the  synthesis  of  circular  arrays  having  de‘^ 
sired  properties.  However,  such  a  detailed  consideration  is  beyond  the  scope 
of  this  report. 

AHHAYS  WITH  VlRTICAL  PPtiCTlVrrY 

Arrays  can  be  designed  wMch  have  vertical  directivity  but  no  asimuthal  ^rec» 
tivity,  The  criteria  which  must  be  satisfied  in  order  to  obtain  tMs  type  of  pat^ 
tern  are  as  follows: 

(1)  The  arrays  shall  be  circular  in  shape  and  the  amplitude  of  the  lllumlna<- 
tion  shall  be  a  function  only  of  the  radius. 

(2)  The  variation  of  illumination  with  angle  shall  be  of  the  type  wMch  has 
a  phase  slip  of  an  integral  number  of  cycles  gohig  once  around  the  array. 

TMs  integral  shMl  be  independent  of  rachus  but  it  is  not  necessary  that  the 
illumination  for  all  radii  shall  be  in  phase. 


J 


(3)  There  May  be  any  radial  distribution  of  illUMlnation^ 

Any  one  of  the  circular  arrays  shown  in  Tables  n,  and  fV  May  be  used.  The 
index  nuMber  K  defines  the  nuMber  of  cycles  of  phase  slip  around  the  circle. 

THl  PLANE  AHEA  REQUIRED  FOR  A  SPECIFIED  DIRECTIVITY 

The  theory  which  has  been  developed  makes  it  rather  simple  to  obt^  a  precise 
definition  of  the  plane  area  required  in  order  to  synthesize  a  directive  array  of 
a  specified  beamwidtii.  This  can  be  done  with  the  aid  of  a  bla^  design  chart  of 
the  t^e  shovM  M  Figure  40.  By  sketching  the  desired  beaM  shape  on  Figure  41 
and  recalling  that  the  ra^us  of  a  circle  is  imity  at  the  desi^  frequency  the  re« 
qulred  aperture  at  the  design  frequency  may  be  found  directly.  The  relations 
between  beamwidth,  aperbire,  and  side  lobe  level  shown  in  Figure  33  permit  a 
simple  estimate  which  is  independent  of  the  exact  sluq)e  of  the  array  which  may 
eventually  be  desigpied  for  the  area^ 
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G^CLUSION 


This  ref^ft  presents  a  physical  and  mathematical  i^eory  of  radiation  directivity 
which  permits  the  s^thesis  of  antenna  arrays  to  produce  rachation  patterns 
which  may  have  arbitrarily  selected  mtensities  for  all  Erections  of  radiitlon* 

The  method  is  equally  powerful  as  an  analysis  tooL 

The  physical  limitations  of  an  array  are:  the  region  in  space  which  it  occupies^ 
the  manner  in  which  energy  is  fed  to  or  taken  from  it,  and  the  number  and  tj^e 
of  antennas  in  the  array.  Perimeter  arrays  are  sufficiently  general  to  per^ 
mit  the  synthesis  of  all  patterns.  Area’  arrays  subject  to  symmetry  restrictions 
and  also  arrays  of  antennas  distributed  throughout  a  volume  are  capable  of  pro*^ 
ducing  all  patterns  (in  the  limit),  for  all  azimuths  and  elevations. 

The  region  in  array  space  occupied  by  antennas  is  the  aperture,  and  the  dis» 
tribution  of  current  or  voltage  over  the  aperture  is  the  illumination.  The  over* 
all  pattern  of  an  array  is  tiie  product  of  the  pattern  per  element  and  the  geometric- 
cal  space  factor  which  results  from  the  distribution  of  illumination  within  the 
sq>erture. 


The  space  factor  for  an  array  is  the  Fourier  Transform  of  the  aperture  illumina» 
tion.  The  transform  of  the  illmntoation  is  representalde  by  a  function  m  the 
transform  plane  for  the  case  of  a  plane  array,  and  as  a  function  in  a  3'<(hmensiQn» 
al  transform  space  bi  general.  Representation  of  array  space  by  any  system  of 
coordbiates  yields  results  in  transform  space  bi  terms  of  a  simUm:  set  of  coor^» 
nates.  The  basic  equation  wMch  is  used  to  determbie  the  space  factor  of  an  array 
is  obtained  by  considering  the  sum  of  the  contributions  of  all  the  elements  of  the 


array  in  the  iianit  as  the  nnmber  of  eiesients  becomes  infinite,  but  with  the 
total  illumination  remaining  finite^  The  integral  eciuations  which  result  are 
expressible  in  a  set  of  standard  forms  depenteg  on  the  coordinate  system  and 
the  number  of  dimensions,  ^en  the  illinnination  is  expanded  in  a  type  of  gen-^ 
era!  Fourier  series  suitable  for  the  particular  shape  of  array,  the  space  factor 
may  be  determined  in  terms  of  a  standard  set  of  ftmctions  called  eigenfunctions 
which  specifically  contain  the  dimensions  of  the  ape^ure.  The  relationships 
between  illuminations  and  spectrum  are  tabulated  in  Taldes  Q,  and  iv  for 
several  shapes  of  arrays. 

The  spectra  obtained  from  rectangular  plane  arrays  are  illustrative  of  the  syn« 
thesis  method.  The  desired  aperture  may  be  synthesized  as  the  sum  of  a  set 
of  eigenfunctions,  in  terms  of  which  the  coordinates  which  define  the  aperture 
illumination  are  simply  determined  1^  the  amplitude  of  the  desired  space  factor 
at  cextam  points.  The  spacing  between  these  independent  points  is  inversely 
proportional  to  the  aperture  of  the  array.  The  result  of  using  discrete  antennas 
instead  of  a  continuous  iiiumrnation  of  the  aperture  is  to  make  the  pattern  repeat 
at  regular  intervals  in  transform  space,  The  region  in  transform  Space  taken 
up  by  each  of  the  basic  patterns  is  inversely  proportional  to  the  density  of  the 
Chscrete  antennas  witidn  the  ^erture.  The  number  of  antennas  required  m  an 
array  of  arbitrary  shape  may  be  readily  determined  by  considering  the  array  to 
be  contained  within  some  convenient  rectangular  boxc  and  thus  determining  the  nee 
essary  density  of  anteimas  in  each  coordinate  Erection  to  insure  freedom  from 
spurious  side  lobes  due  to  (Uscreteness*  Other  methods  are  applicable  for  spe^ 
cial  cases  such  as  the  circular  ihie  array. 


array  la  IMlt  as  the  nuMher  of  elexaents  becoiaes  Infinite^  hut  with  the 
total  HiuMinatlon  remaihihg  fiaite.  The  Integral  equations  which  result  are 
e^ressible  In  a  set  of  standard  fornis  depending  on  the  coor ^nate  system  and 
the  number  of  ^mensions.  ^en  me  illumination  Is  e^anded  in  a  t^e  of  gen^ 
ertd  Fourier  series  sidtable  for  the  parUcular  shape  of  array,  the  space  factor 
may  be  determined  in  terms  of  a  standard  set  of  functions  called  eigenfunctions 
wMch  specifically  contain  the  dimensions  of  the  ape^ure.  The  relationships 
between  Illuminations  and  spectnma  are  tabulated  in  Tables  M,  iP  and  IV  for 
several  shapes  of  arrays. 

The  spectra  obtained  from  rectan^ar  plane  arrays  are  illustrative  of  the  syn« 
thesis  method.  The  desired  aperture  may  be  synthesized  as  the  sum  of  a  set 
of  elgemfunctions,  in  terms  of  which  the  coordinates  which  define  the  aperture 
illumination  are  simply  determined  by  the  amplitude  of  the  desired  space  factor 
at  certain  points.  The  spacmg  between  these  Independent  points  is  inversely 
proportidnal  to  the  aperture  of  me  array.  The  result  of  using  discrete  antennas 
mstead  of  a  continuous  iilimnination  of  me  aperture  is  to  mahe  the  pattern  repeat 
at  regular  Intervals  In  transform  space.  The  region  In  transform  space  taken 
up  by  each  of  me  basic  patterns  is  inversely  proportioiml  to  me  density  of  the 
discrete  mxtennas  within  me  aperture.  The  number  of  antennas  required  m  an 
array  of  arbitrary  shape  may  be  readily  determined  by  considering  me  array  to 
be  contahied  within  some  convenient  rectangular  box  and  thus  deterrnmmg  me  nec 
essary  density  of  anteimas  in  each  coordinate  Erection  to  insure  freedom  from 
Sfnurious  side  lobes  due  to  chscreteness.  omer  memods  are  appUcaMe  for  spe’* 
cial  cases  such  as  me  circular  line  array. 


ft  is  necessary  in  desigi^ng  arrays  to  be  familiar  with  standard  sets  of  eigen^ 
funGtion  sequences  which  may  be  used  to  produce  desired  resultSi  The  math« 
ematical  forms  obtained  for  circular  arrays  involve  Bessel  functions  of  the 
first  kind  and  the  integrals  of  some  Bessel  FunctionSi  However^  sjmthesis  of 
circt^ar  arrays  is  simpUfied  by  a  study  of  two  special  mathematical  fimctions 
which  have  the  same  useful  properties  as  do  the  ^  functions  for  rectangular 
arrays^ 

WM  the  synthesis  method  it  is  possiMe  to  determme  the  necessary  illumination 
for  any  chosen  type  of  array>  and  actual  synthesis  problems  must  consider  the 
relationships  between  the  shape  of  the  array,  the  type  of  basic  elements,  the 
orientation  of  the  elements  in  the  array  and  the  effects  of  refLecting  surfaces. 

For  example,  dipole  patterns  may  be  shinply  represented  in  terms  of  the  trans» 
form  plane  for  various  orientations. 

The  methods  herem  presented  may  be  put  to  advantageous  use: 

(1)  The  complete  choice  of  pattern  which  is  available  with  some  types  of  arrays 
such  as  plane  area  arrays  permits  the  achievement  of  superior  performance  to 
that  of  some  other  types  of  arrays  while  reducing  the  cost  and  complexity. 

(2)  It  is  possltde  to  cUrecUy  exchange  aperture  for  beamwidth,  or  beamwidth 
for  side  lobe  level. 

(3)  Superchrective  arrays  may  be  designed  in  which  the  intensity  In  those 
regdons  of  transform  space  wMch  do  not  correspond  to  radiation  space  may  be 
arbitrarily  varied  m  order  to  obtato  greater  control  over  the  pattern  in  the 
region  of  trmsform  space  corresponding  to  radiation  space. 
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(4)  Arrays  may  be  desired  which  have  vertical  ^rectivlty  but  no  azimuthal 
direcldvityi 

(5)  The  j^ane  area  required  for  a  specked  directivity  may  be  really  found 
use  of  the  transform  plane* 


HAZELTlNE  Elf  CTAONlCS  CORPORATION 
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delations  of  equations 


Table  E,  Case 


Then 


^  ^  T 

ie'^'^dx 

U^) 

oO 

T  s. 

J  k  h  4^  a 

X 

m  fuX  K  1^  ) 

K  '  U.Y  t  Kfr 

X 


Table  n,  Case  2, 

The  foUowtog  general  e?E>ajaslon  is  used  here; 


J  /OyR  cos 


COS 


« J^/Jp/f)  (ps)^osK/$  cosK^-^siNKfisifit 


Then,  since  ^ 

it  is  convenient  to  e^and  I  into  the  foilowing  Fourier  series: 

1(b)  -  L  ^  1,1  Cos  0  ♦  I|2  COS  ^  •  t  I  COS  ‘  * 

♦  In Sm0  ^Izi Sin l0^'  *  Sih  ‘  • 


This  siinplifies  the  integration,  since  upon  niultiplying  tiie  above  two  series 
e^ansions  and  integrating  over  entire  period  all  of  the  terms  will  vanish 
except  those  involving  terms  of  the  form  sin  or  cos  This  leads  to 
the  conclusion  that. 


and  hence 


A-2 


Fdf  any  a^rture  Illumination  representable  in  the  form  of  the  Fourier  Series, 
the  terms  may  be  integrated  separately  and  the  results  added. 


This  is  obtained  directly  from  it,  i  by  considering  the  result  of  4  imear  arrays 
which  are  the  sides  of  the  rectmigle* 

f  able  itt  Case  1 


f  Ms  is  Indirect  extension  of  ^  1  obtained  by  mtegrating  for  each  variaMe  in 
turn. 


TaMe  nt.  Case  2 


het 

and  let 


IM*Z 


where  the  Ajgyfj  hre  the  roots  of  the  equation 

where 


ikii 


rsR 


When  H  t  K  is  negatiye  an  additional  term  0^^^)  is  necessary  for  tMs  type  of 


fourier^-lessel  series  wMoh  is  called  a  Series,  further  consideration  of 
this  terin  is  beyond  the  scope  of  tMs  report.  * 


or  since  p  is  constant  in  the  inte^ation^ 


^Bessel  Functions,  G.  N.  Watson,  Second  lotion,  Mach^an  1945  Charter  XVM. 
^*Bfssel  Functitai,  Gray  Blatheiirieuid'Maal^  Obapteor  Vt  p.  69  e^t  H* 


is  zero  when/} 0,  and  hence,  dropping  the  subscriijftS  on  A 
Siiapliclty,  I 

W  «  ^k(^)  J|(  0^)"  (/4' )  (0 

y '  /  A  \2  I 


^  H  t/g  (a) 

and  hence 

y  *  t/„  Ca) 


,  M. 

JL  (pr)  *  Jk  (f-«) 


(^r  - 1 


/>*  Jk  (fk)  *  Jk.,  Cp«)  -  kd,;  (pR) 
*  KiJy,(r^)  -/">■ 


the  following  forms  for  $  (p,9)  are  obtained  by  substitution; 


R  =  X  ,  it  is  well  Mown  that* 

S 

•J  f>r 


TaMe  IDL  Case  8 

I 

S(^.e)*|,  SkCp,9) 


where 


Sk^A^)  *  IP  ^  s/^  r  1 K  C P)  J  K  ^ 


It  is  u^lul  to  consider 


lK(r)‘S.  lKM(fV('i*Cf)*) 


2\M 


MsO 


Then  let 


K*  R  Sin  % 


dr  *  R  Cos  T\Jtf  71 


and  hence 


rn?p^ 


IV 


pi 


KM 


^M4l 


*Be$sel  Functions,  Gray  Mathews  and  Mac  Roberts,  Ch^er  VI  p,  69  eq.  29,  24. 


The  term  in  the  brackets  is  a  standard  form  known  as  Sonlne's  First  Finite 
Integ^al*^  and  hence 


where 

Hh  - (M-l)  M  * 

Although  this  formula  is  for  area  arrays  and  may  be  used  when  M  =  0^  2 

etc. ,  M  =  -1  gives  the  proper  form  of  equations  for  the  circular  line  array 

(except  for  a  constant  multipiier ). 

Substitution  of  M  s  -1  into  the  equations  gives 


wMch  is  finite 


except  when-^s  1,  TMs  suggests  a  modified  normalization  procedure  so  that 
I(r)  woidd  define  a  circular  rtog  for  this  case. 

It  may  be  noted  that  for  this  case  (^1)1  -  .  Dividing  both  I(r)  mdB^)W 

indicates  that  the  circular  line  array,  defined  by  M  -  -i,  may  be  considered  a 
HmiHug  case  of  tMs  type  of  iUumtoation.  But  this  has  already  been  derived. 


^Watson,  Chapter 


Table  HL  Case  4 


Let 


%  (r.  ^ 


tK  jK/e 


then 


S  C^j 


TfRi^ 


$pre»  (^^f) 

rd  rde 


Ik 

©» 

Z 

les'aa 

This  la  a  statKiard  form*:  (^d  hence) 


0*^ 


yw. 


no 


This  ia  nseful  for  cases  in  which  negative  powers  of  require  that  the 
Illumination  be  defined  as  Cerent  from  zero  only  In  rings  which  enclose  the 

origin* 


Table  B3i»  Case  5 

This  is  sn  extension  of  ni,  1  ^d  n»  3* 
Table  Ifi,  Case  6  , 

This  is  a  combination  of  Q,  1  and  S,  2. 


»r»Ue8  ol  totegrri  Mid  Ob"  WOmM^  Data,  B. ».  DwlgW,  RavlieS  Edtttoa, 
hfaanillsnr  1947*  #835. 1 


fable  IV.  Case  1 

This  is  a  direst  e^ension  of  1  and 
fable  iV.  Case  2 

This  is  a  combination  of  n,  1  and  4,  in,  5 


APPENDIX  B 


DERiVAfIdNS  Of  FOlpUliAS  FOR  ARRAYS  OF 
DJSCREf  E  antennas 


lAtiAaJ  arrays. 


pulde  function  P  (%)  is  stiotm  belowi  N  is  the  nuMibef  of  antennas. 


%*0 


L^.  J... 
-1 

1... 

•■MitS  »  immi  •  '  aw  r  » 

When  N  is  odd 

PM-Z  € 

ft*/ 

When  N  is  even 

Since 

n%)  *  1  € 

1 

M  even 
N  oddl 

then,  whether  N  is  even  or  odd. 

.(NflV 

i)  1 

g  j 

X 


%  N  even 


The  function  Ip  ( ’X')  is  given  fey 

lo  (%)^X  Ik€  X 


Md  siilce  I  (x)^Io(x)  f(x) 

1U)^S  if  L  6 


^d  iimce 


SW  *  2 


K=^< 


S  i-0 


t  SinUI  +  Kh* 


h 


aX*  K  ft  *  N^# 


For  the  Kth  harmonic  component  of  the  aperture  illumination,  the  spectial 
component  for  the  case  of  a  discrete  array  is 


SkM'Ik  S  >•)' 


The  effect  of  #screteness  is  to  make  t^e  pattern  repeat  at  intervals  of  N  inde^ 
pendent  points.  The  effect  of  discreteness  depends  on  the  number  of  antennas 
only  m  degree,  hmice,  because  the  side  lobes  of  the  function  measured  , 

at  any  point  alternate  in  Sign  depending  on  whether  N  is  even  or  odd,  the 
term  occurs  in  the  equation  to  make  the  phase  of  the  term  added  by  ddscrete-i- 
ness  hidependent,  at  miy  point,  of  the  number  of  antennas;  for  exmnple  see 
Figure  14. 


The  formulas  may  also  be  written  m  closed  form.  For  example,  the  well  known 
result  for  a  uniformly  illuminated  imear  array  of  discrete  antennas  would  be 
Witten,  in  the  symbols  used  here  as* 

'  g  t  n  M-  X 

S  i  n  X 

K 

*See  "ElecteomagneUc  Waves”,  Schelkunoff,  Van  Nostrand,  p.  342,  333. 


B^2 


TMs  Gduld  be  used  as  an  elgenfunctidn  but  it  has  the  disadvantage  that  it  is  a 
function  of  N»  It  is  More  convenient  to  use  the  "uMvef  sal"  functions 


for  synthesis,  although  the  above  May  be  used  as  a  coMpitlng  aid. 


(2)  Rectangular  Arrays. 

The  bidse  function  is  r,  *  .  .  1  ^ 


V  ^OO 


and  since 


lo  6c,y)^  TL 

J  K=  ffs  - 


Then 


C/. .  ,  ^  T  /  /O^'^Nyf  I  5;^  ( ^4t‘rK^^+^lt  »^D“)  S//V  (vY +H>+N,9y7 

••  o© 


This  is  a  two  dimension^  extension  of  the  preGeding  case.  See  Figure  11. 
(3)  The  Circular  Line  Array. 

p  (  /P)  tor  tMs  case  is  found  from  the  following  diagr^: 


1  A 

1 

1 

1 

1 

m  ^ 

■ - ^ 

■  ^  J* 

.  s*  s-  9* 

B>3 


When  A  Is  zero; 


in  general; 


?i0)  ^  1  e 


m 


JH 


(0*A) 


li/sy-2  S  € 

where  A  is  a  constant. 


J(k^ 


4^^144 


Then  the  following  formnla  friiin  Table  1  is  used,  (r  s  r  here) 


hi  order  to  perform  the  lnte|^ation,  the  following  two  formulae  are  required. 

/V 

€"'•*  S  fQ.e) 

t (/»<) ♦;?  (fin)  [cos  GEiij9*S\H^05Ui 


TUs  is  a  trigonometoiG  Fourier  series  iny?,  with  Bessel  function  coeilLcients 
wMeh  are  constant  for  the  integration. 


When  the  two  series  are  multiplied  together  and  integratedi  only  the  terms  in 
cos^  ( KVN)fj9  and  sin^  (KyN  will  ^ve  results  different  from  zero. 


Then 


K  ^”^60 

f  «  -  p6 


For  the  harmonic 

.i. 


tpN*^ 


2  ^  . € 


jifN*K)e 


The  meaning  of  this  last  form  is  made  clearer  if  the  terms  are  written  out  for 
three  specific  cases  of  the  yiuminationi  Let  4  =  0  for  simplicity,  (^en  a 
m  not  zero  the  ''correction"  pattern  due  to  discreteness  is  rotated  the  ^gle 
A  .) 


Case  1 

Xi^hR^  Gonstant  (Uniform  illumination) 


then 

S(/9t$)  ^  Jo  (or) 

*ZO)^'^Joh(pr)cqs  zns 

When  the  antemias  are  spaced  1/2  wave  lei^;th  apart  aromid  Uie  circle^  the 
highest  value  of  which  normally  mic^t  correspond  to  real  radiation  space 
is  =  N.  Reference  to  Figure  16  shows  why  the  terms  of  )  and  IMer 

orders  can  be  neglected. 


J3g  (18)  =  0,  000000006335 


This  effect  is  not  qidte  as  drastic  for  the  lower  orders,  for  exanaple 

JjQ  (10)  =  0, 2075 
(10)  =  0. 00001151 

and  ^30(10)  =  0. 000000000001551 

Thus  the  series  is  rapidly  convergent  in  the  important  region  near  the  origin, 
where/O^  is  small. 


Let  1  (^)  =  E  cos 

then 

$(/»!$ )  ^  (•»)*'  Jk(/>4cos  K$ 

^Ctl) J  N ♦K  GPS  (n  ♦  K)  0 
+  Jui^K  GosCn* K)6 
^  «  ••••  *•••• 

Case  3 

Let  I(^)  =  E  sin 

SC/»,«)«  (j)'' cos  KO 

*  (^n)  SibCn+kIS 

•  (,>(>)  SmfN-K)e 

hi  aU  cases  ths  first  term  is  what  would  be  obtained  with  a  continuously  iUum^ 
Inated  aperture,  and  only  the  Erst  pair  of  correction  terms  need  usually  be 
collected. 


APPENDED  C 
TABLE  OF  SYMBOLS 


(1)  OOMPARATIVE  TABLE 


Twa  grotips  of  symbols  are  sbo^  below.  One  group  tabulates  the  symbols  which 
represent  dimensions  and  functions  in  array  space.  The  other  poup  is  related 
to  transform  space.  Pairs  of  fimctions  which  appear  opposite  each  other  in  the 
table  are  analogouSj  or  have  similar  sipiificance  ha  the  two  spaces.  The  capital 
letters^  X,  Y,  z,  R  represent  Bxed>  usually  maximum  values  of  the  variables. 


Array  Space 

Transform  Space 

X,  X 

Lmear  Dbiiension 

u 

y,  Y 

Lmear  Bimension 

V 

z,  Z 

Linear  Dimension 

w 

r,  R 

Radius  from  Origin 

P 

Angle,  counterclockwise  from 

9 

the  ^  ^  j  axis 

or 

The 

Fourier 

illumination 

Transform 

of 

1  DirecUonS 

Azimuth 

1 

^  in  array 
radiation 

angle 

h  J 

space 

elevation 

anpe 

The  r,  C</) 

Spectnun  S  ( p ,  9^ 


l^ecUons  from 
center  of  radiation 
sphere  to  point 
on  surface 
defining  in  array 
radiation  space 


(2)  ALPHAlEf  ICAL  TABLE 


Spa1x>l 

f 

>0 

F(<i,h) 

F(f) 


h 

H 

{(region) 

!(x) 

I  i(x)  I 

i(x,y) 

i(x,y>z) 

W 

I(r,^ ) 
IM 

4,) 

hm 

»oS) 


Descrij^on 
InlMai  term  of  DiiU  Series 
Eadio  frequency 
Desi^^^cenfer  radio  frequency 
Radiation  pattern 

The  radiation  pattern  of  a  singie  anteima 
Campbell- Foster  form  of  Fourier  Transform 
Campbell- Foster  form  of  Fourier  Transform 
Elevation  angle 

Elevation  angle  of  nominal  beam  direcuon 

A  parameter  defined  on  page 

The  illumination  in  a  specified  region 

Aperture  illumination  for  a  Unear  array  along 
the  X  axis 

Amplitude  of  i(x) 

Aperture  illumhiation  of  a  rectangular  array 
in  the  (x,  y)  plane 

Aperture  illumination  for  a  rectangular  volume 
array  with  (x»  y,  z)  coordinates 

Aperture  illumination  of  a  circular  line  array 

Aperture  illumination  of  a  circular  plane  array 

Aperture  Ulummation  of  a  cylindrical  array 

Fourier  Bessel  form  of  aperture  illiunination 

Radial  function  of  the  K&  harmonic  component 
of  aperture  iUiunhiation 

Fourier  coelSicient 

Envelope  of  sMperture  illumination  of  a  discrete 
linear  array 


(2)  ALPHABITICAL  TABLE  (Goilt'd) 


Syiaibol 


Description 


io^»y) 


K 

L 

M 

N 


P(x,y) 

q 

r 

R 


Envelope  of  aperture  iUunij^ation  for  a 
rectatigt^ar  array  of  terete  antennas 

Bessel  ftmeiion  of  first  kind  of  order  zero 
and  arg^ent  yo  R 

Bessel  function  of  first  kind  of  order  ten 
and  argument  yo  R 

Bessel  function  of  Brst  kind  with  argument 
equal  to  the  order 

An  integer^  an  index  number 

An  mteger,  an  index  number 

An  integer,  an  index  number 

An  mteger 

Repetition  rate  of  patterns^  equal  to  the 
number  of  rows  along  x  axis 

Repetition  rate  of  patterns,  equal  to  the 
number  of  rows  along  y 

An  integer,  an  hidex  number 

The  complex  plane  of  contour  integration 

Aperture  lUumhiation  impulse  functimi  for 
mscrete  antennas  along  x  ams 

Aperture  illumination  impulse  function  for 
discrete  antennas  in  x,  y  plane 

M  integer,  am  index  number 

Radial  coor^nate  m  array  space 

Outer  or  constmit  radius  of  a  circle 


Outside  radius  of  an  aimtdair  rteg 
hiside  radius  of  an  annular  rj^ 


(2)  ALI^BiTICAL  TABLE  (Gdnt'd) 


S3^)3dl  Pescfi^idn 


Radiation  fimction 

S(u) 

Space  factor  in  terms  of  u 

S(u,v) 

Space  factor  in  terms  of  n,  v 

S(f,») 

Space  factor  m  terms  of  /o^  o 

s(flrjh) 

Space  factor  in  terms  of  ^  h 

Q) 

Kth  harmomc  component  of  space  factor 

Kth  harmonic  component  of  space  factor 

S^(tt,v) 

Kth  harmonic  component  of  space  factor 

Sonine  function 

t 

time 

‘o 

reference  time 

U 

coordinate  in  transform  space  defined  on 
page 

u» 

coordinate  in  transform  space  defined  on 
page 

V 

coordinate  in  transform  space  defined  on 
page 

w 

coordinate  in  transform  space  defmed  on 
page 

X 

coordmate  m  array  space 

X 

Semi-aperture  m  tiie  x  Section 

y 

coordinate  in  array  space 

Y 

Semi^aperature  in  the  y  direction 

(2)  ALMABETIGAL  TABLE  (CdntM) 


Descriptldn 

z  CdorditMte  in  array  space 

Z  Semi-^aperture  in  the  Z  direction 

^  AziMuth  angle 

0^  ^  Aztnauth  angle  of  nominal  beam  direction 

0  Angle  in  array  space 

r  2)  The  gamma  function  of  argument  2) 

^  Variable  of  integration 

0  Angle  in  the  transform  plane 

^  A  parameter 

p  Radial  coordinate  ha  the  transform  plane 

fi(x)  A  phase  function  in  the  ^rture  iUimahaa* 

tion  of  a  linear  array 

A  0  A  phase  difference 

f^p)  A  Bessel  transform 

p  (region)  Phase  function  defUies  in  a  regfon 

Integral  defined  on  page 

2id 


